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1. Introduction
In the number field setting, Bang–Zsigmondy’s theorem [5] [21] states that for any integers u,m > 1,
there exists a prime divisor ℘ of um − 1 such that ℘ does not divide un − 1 for every integer n with
0 < n < m, except exactly in the following cases:
(i) m = 2, and u = 2s − 1 for some integer s ≥ 2; or
(ii) m = 6, and u = 2.
A prime ℘ satisfying the conditions in Bang–Zsigmondy’s theorem is called a Zsigmondy prime for
(u,m). If ℘ is a Zsigmondy prime for (u,m) for some integers u,m > 1, then the multiplicative order of
u modulo ℘ is exactly m. Bang–Zsigmondy’s theorem has many applications; for example, the existence
of Zsigmondy primes was used in the original proof of Wedderburn’s theorem [20]. See also [1] for
applications of Zsigmondy primes in theory of finite groups.
Feit [9] observed that if ℘ is a Zsigmondy prime for (u,m), then ℘ ≡ 1 (mod m) since the multi-
plicative order of u modulo ℘ is exactly m. The last congruence implies that ℘ ≥ m+ 1, which in turn
motivated Feit to introduce the following notion of a large Zsigmondy prime: a prime ℘ is called a large
Zsigmondy prime for (u,m) if ℘ is a Zsigmondy prime for (u,m) such that either ℘ > m + 1 or ℘2
divides um − 1.
In [9], Feit proved a refinement of Bang–Zsigmondy’s theorem. He showed that for any integers
u,m > 1, there exists a large Zsigmondy prime for (u,m) except exactly in the following cases:
(i) m = 2 and u = 2s3t − 1 for some positive integer s, and either t = 0 or 1.
(ii) u = 2 and m = 4, 6, 10, 12, 18.
(iii) u = 3 and m = 4, 6.
(iv) u = 5 and m = 6.
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It is obvious that Bang–Zsigmondy’s theorem follows immediately from Feit’s theorem.
There are many strong analogies [11] [16] [18] between number fields and function fields. It is well-
known (see [11, Chapter 3]) that the Carlitz module is an analogue of the multiplicative group Gm.
The aim of this paper is to search for new analogous phenomena between the Carlitz module and the
multiplicative group Gm. We will introduce notions of Zsigmondy primes and large Zsigmondy primes
for the Carlitz module, and prove a Carlitz module analogue of Bang–Zsigmondy’s theorem and an
analogue of Feit’s theorem in the Carlitz module context.
Throughout the paper, let q = ps, where p is a prime and s is a positive integer. Let Fq be the finite
field of q elements. Let A = Fq[T ], and let k = Fq(T ). Let k¯ denote an algebraic closure of k. Let τ be
the mapping defined by τ(x) = xq, and let k〈τ〉 denote the twisted polynomial ring. Let C : A → k〈τ〉
(a 7→ Ca) be the Carlitz module, namely, C is an Fq-algebra homomorphism such that CT = T + τ .
1.1. A Carlitz module analogue of Bang–Zsigmondy’s theorem. The main ingredient in the
notion of Zsigmondy primes in the number field context is the notion of the multiplicative order of an
integer modulo a prime. Hence in order to define a Carlitz module analogue of Zsigmondy primes, we
need to find a function field replacement for the notion of the multiplicative order of an integer modulo
a prime.
In [8], we introduced the notion of the Carlitz annihilator of a monic prime ℘ ∈ A, which is a function
field replacement for the multiplicative order of 2 modulo a prime. In Section 3 of the present paper,
we will introduce a generalization of the Carlitz annihilator of a monic prime to a couple (u, ℘), where
u is a nonzero polynomial in A and ℘ is a monic prime. If ℘ does not divide u, the Carlitz annihilator
of a couple (u, ℘), denoted by Pu,℘, is the unique monic polynomial in A of least positive degree such
that CPu,℘(u) ≡ 0 (mod ℘), i.e., Pu,℘ divides m for any nonzero polynomial m ∈ A with Cm(u) ≡ 0
(mod ℘). If ℘ divides u, we simply let Pu,℘ = 1.
The Carlitz annihilator of a couple (u, ℘) can be viewed as a replacement in the function field setting
for the multiplicative order of an integer u modulo a prime ℘ in the number field setting. This analogy
is crucial throughout the present work. The basic analogy between the multiplicative group Gm and
the Carlitz module C that will be used throughout this paper is illustrated in Table 1.
The multiplicative group Gm The Carlitz module C
um − 1 for u,m ∈ Z>0 Cm(u) for m,u ∈ A
The multiplicative order of u modulo ℘ The Carlitz annihilator of (u, ℘)
Table 1: The analogy between the multiplicative group Gm and the Carlitz module C
In the number field context, recall that a prime ℘ is a Zsigmondy prime for (u,m) if the multiplicative
order of u modulo ℘ is exactly m. The analogy in Table 1 suggests that one can define a Carlitz module
analogue of Zsigmondy primes as follows. For any nonzero polynomials u,m ∈ A, a monic prime ℘ is
called a Zsigmondy prime for (u,m) if the Carlitz annihilator of (u, ℘) is m. In more concrete terms,
this means that ℘ divides Cm(u), and Cn(u) 6≡ 0 (mod ℘) for any nonzero polynomial n ∈ A with
deg(n) < deg(m).
It is natural to ask whether there exists a Zsigmondy prime for a given couple (u,m), where u,m are
nonzero polynomials in A. Note that if deg(m) = deg(u) = 0, then Cm(u) = mu ∈ F×q , and thus there
exists no Zsigmondy primes for (u,m). Therefore without loss of generality, one can modify the last
question by adding the assumption that at least one of m,u is of positive degree. As will be explained
in Section 3, it also suffices to assume further that m,u are monic polynomials.
Determining when there exists no Zsigmondy primes for a given couple (u,m) is a Carlitz module
analogue of the classical theorem of Bang–Zsigmondy. The first main result in this paper asserts that
there exists a Zsigmondy prime for a given couple (u,m), except exactly in some exceptional cases that
can be explicitly determined; more precisely, we obtain the following theorem.
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Theorem 1.1 (See Theorem 4.4 and Theorem 5.2). Assume that q > 2. Let m,u be monic polynomials
in A such that at least one of them is of positive degree. Then there exists a Zsigmondy prime for (u,m)
except exactly in the following cases:
(i) q = 3, u = 1, and m = (℘− 1)℘, where ℘ is an arbitrary monic prime of degree 1 in F3[T ].
(ii) q = 22, u = 1, and m = (℘− 1)℘, where ℘ is an arbitrary monic prime of degree 1 in F22 [T ].
Theorem 1.1 will be split into two parts. The first part is Theorem 4.4 that considers the case when
p 6= 2. The second part is Theorem 5.2 that treats Theorem 1.1 in the case when p = 2.
A Carlitz module analogue of the classical Bang–Zsigmondy theorem was first considered by Bae in [3].
In fact, Bae considered a more general analogue of the classical Bang–Zsigmondy theorem, which can be
viewed as a function field analogue of the classical Zsigmondy theorem. (See [21] or [6] for an account
of the classical Zsigmondy theorem. Note that Birkhoff and Vandiver [6] independently discovered
Zsigmondy’s theorem in 1904 after the theorem was first proved by Zsigmondy [21] in 1892.) The main
result in Bae [3] (see [3, Theorem 4.10]) is erroneous. Before pointing out the error in [3, Theorem 4.10],
let us recall the statement of Theorem 4.10 in [3].
Let u, v be relatively prime elements in A, and let m be a monic polynomial in A. Set
Zm(u, v) = v
qdeg(m)Cm(u/v).
Following Bae [3], a monic prime ℘ is called a primitive factor of Zm(u, v) if Zm(u, v) ≡ 0 (mod ℘),
and Zn(u, v) 6≡ 0 (mod ℘) for any monic divisor n of m with n 6= m. Note that when v = 1, the notion
of primitive factors in [3] agrees with that of Zsigmondy primes introduced in this paper.
Theorem 4.10 in Bae [3] claims that if q > 2 and deg(m) > 0, then Zm(u, v) has at least one primitive
factor except exactly in the following case:
(PF) q = 3, u = ±1, v = ±1, and m = (℘− 1)℘, where ℘ is an arbitrary monic prime of degree one
in F3[T ].
We now provide a counterexample to Theorem 4.10 in Bae [3]. Indeed, if one takes q = 22, u = v = 1,
and m = (℘ − 1)℘, where ℘ is an arbitrary monic prime of degree one in F22 [T ], then Table 3 in the
proof of Lemma 5.4 shows that there exits no Zsigmondy prime for (u,m), i.e., Zm(u, v) has no primitive
factors in this case, which provides a counterexample to Theorem 4.10 in Bae [3].
We should also note that in his Ph.D. thesis (see [4, Theorem 4.2.10]), Bamunoba, following very
closely the techniques in Bae [3], attempted to give a different proof of Theorem 4.10 in Bae [3]. Due to
the counterexample to Theorem 4.10 in Bae [3] that we pointed out above, the proof of Theorem 4.2.10
in Bamunoba [4] is also erroneous.
Note that the techniques that Bae exploited in [3] are based on the work of Birkhoff and Vandiver [6].
We, however, use completely different arguments from Bae [3] to prove Theorem 1.1, and the strategy
of our proof is similar to the work of Roitman [17]. Let us now describe the strategy of our proof of
Theorem 1.1 in detail.
In Section 3, we obtain a function field analogue of Lu¨neburg’s theorem (see Lu¨neburg [15, Satz 1]
or Roitman [17, Proposition 2] for an account of Lu¨neburg’s theorem in the number field context) that
describes a sufficient and necessary condition under which a prime ℘ is a non-Zsigmondy prime for
(u,m).
Theorem 1.2. (See Theorem 3.7 or Corollary 3.8)
Assume that q > 2. Let m,u be monic polynomials in A such that m is of positive degree. Let ℘ be
a monic prime dividing Ψm(u), where Ψm(x) ∈ A[x] denotes the m-th cyclotomic polynomial (that will
be reviewed in Section 2). Let Pu,℘ be the Carlitz annihilator of (u, ℘). Then
(i) ℘ is a non-Zsigmondy prime for (u,m) if and only if ℘ divides m.
(ii) if ℘ is a non-Zsigmondy prime for (u,m), then m = Pu,℘℘
s for some positive integer s. Fur-
thermore ℘2 does not divide Ψm(u).
Remark 1.3. Note that Bae (see [3, Proposition 4.4]) also obtained a more general version of part (i)
of Theorem 1.2.
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In his Ph.D. thesis, Bamunoba (see [4, Corollary 4.1.5]) independently obtained part (i) of Theorem
1.2 with a slightly different proof. Bamunoba (see [4, Lemma 4.1.6]) also independently proved part (ii)
of Theorem 1.2 under the more restrictive assumption that gcd(u,m) = 1.
Using Theorem 1.2, and under the assumption that there are no Zsigmondy primes for a pair (u,m),
we deduce that the prime factorization of Ψm(u) in A is of very special form. If the characteristic p of k
is not equal to 2, then Ψm(u) is a prime dividing m (see Corollary 4.3). If p = 2, then either Ψm(u) is a
prime dividing m or Ψm(u) = ǫ℘(℘− 1), where ǫ ∈ F×q and both ℘ and ℘− 1 are monic prime divisors
of m (see Lemma 5.1). In either case, by deriving several lower bounds for deg(Ψm(u)), we show that
except the exceptional cases (i), (ii) in Theorem 1.1, the prime factorization of Ψm(u) can not fall into
these forms, and of course this proves that there must exist a Zsigmondy prime for (u,m).
1.2. A Carlitz module analogue of Feit’s theorem. Before stating the second main result in this
paper, let us describe, for each monic prime ℘ in A, another A-module structure of A/℘A from which
a function field analogue of Fermat’s little theorem immediately follows.
Let ℘ be a monic prime in A. For each n ∈ A, denote by n¯ the image of n in A/℘A. We denote
by C¯ the reduction of C modulo ℘. The action of C¯ on A/℘A is given by C¯T (u) = T¯ u + u
q for each
u ∈ A/℘A. Under the action of C¯, one obtains another A-module structure of A/℘A, which we will
denote by (A/℘A)C . It is known (see Hsu [14, page 249]) that (A/℘A)C is isomorphic to A/(℘ − 1)A.
From this isomorphism, one immediately obtains the following result which can be viewed as a function
field analogue of Fermat’s little theorem. (See also Hayes [13, Proposition 2.4] for another proof.)
Lemma 1.4. Let u be a nonzero polynomial in A, and let ℘ be a monic prime in A. Then
C℘−1(u) ≡ 0 (mod ℘).
Now let ℘ be a Zsigmondy prime for (u,m), where u,m are monic polynomials in A. Then the
Carlitz annihilator of (u, ℘) is m, i.e., m is the unique monic polynomial of least positive degree such
that Cm(u) ≡ 0 (mod ℘). Hence it follows from Lemma 1.4 that m divides ℘ − 1, which implies that
deg(℘) = deg(℘−1) ≥ deg(m). The last inequality and the notion of large Zsigmondy primes introduced
in Feit [9] motivate a notion of a function field analogue of large Zsigmondy primes as follows: A
Zsigmondy prime ℘ for (u,m) is called a large Zsigmondy prime for (u,m) if either deg(℘) > deg(m)
or ℘2 divides Cm(u).
Classifying all pairs (u,m) such that there exists a large Zsigmondy prime for (u,m) can be viewed
as a function field analogue of Feit’s theorem. We are now in a position to state our most important
result in this paper, a function field analogue of Feit’s theorem.
Theorem 1.5 (See Theorem 6.16). Assume that q > 2. Let m,u be monic polynomials in A such that
at least one of them is of positive degree. Then there exists a large Zsigmondy prime for (u,m) except
in some exceptional cases that can be explicitly determined. (Theorem 6.16 explicitly lists all triples
(q, u,m) in the exceptional cases.)
We will prove Theorem 1.5 in Section 6. It is obvious that Theorem 1.1 follows immediately from
Theorem 1.5.
1.3. Notation. Every nonzero element m ∈ A is of the form m = αnT n + · · · + α1T + α0, where the
αi are elements in Fq and αn 6= 0. When m is of the form as above, we say that the degree of m is
n. In notation, we write deg(m) = n. We use the standard convention that deg(0) = −∞. With this
convention, one obtains the degree function deg : A→ Z ∪ {−∞} in an obvious way.
With m of the above form, we say that the leading coefficient of m is αn.
For a polynomial m ∈ A of positive degree, we define Φ(m) to be the number of nonzero polynomials
of degree less than deg(m) and relatively prime to m. The function Φ(·) is a function field analogue of
the classical Euler φ-function.
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Let m = α℘s11 · · ·℘
sh
h be the prime factorization of m, where α ∈ F
×
q , the ℘i are monic primes in A,
and the si are positive integers. It is well-known (see [16, Proposition 1.7]) that
Φ(m) =
h∏
i=1
Φ(℘sii ) =
h∏
i=1
(qdeg(℘
si
i
) − qdeg(℘
si−1
i
)).
In particular, this implies that when m = ℘s for some monic prime ℘ and some positive integer s, then
Φ(℘s) = qdeg(℘
s) − qdeg(℘
s−1).
2. Cyclotomic polynomials over function fields
In this section, we prove some results about cyclotomic polynomials over function fields that will be
useful in subsequent sections. We begin by recalling the definition of cyclotomic polynomials in function
fields, and some well-known results of cyclotomic polynomials in function fields whose proofs can be
found, for example, in [2] or [19].
Let m be a polynomial of positive degree, and set Λm := {λ ∈ k¯ | Cm(λ) = 0}. We define a primitive
m-th root of C to be a root of the polynomial Cm(x) ∈ A[x] that generates the A-module Λm. We fix a
primitive m-th root of C, and denote it by λm.
Recall that the m-th cyclotomic polynomial, denoted by Ψm(x), is the minimal polynomial of λm
over k, i.e., Ψm(x) ∈ k[x] is the monic irreducible polynomial of least degree such that Ψm(λm) = 0. It
is well-known that Ψm(x) ∈ A[x]. When m = ℘s for some monic prime ℘ and some positive integer s,
we know from [13, Proposition 2.4] that
Ψ℘s(x) = C℘s(x)/C℘s−1 (x).(1)
The next two results are well-known.
Proposition 2.1. (See part (2) in [19, Proposition 12.3.13])
Let m be a monic polynomial in A. Then
Cm(x) =
∏
b|m,
b monic
Ψb(x).
Proposition 2.2. (See [2, Proposition 1.2(c)])
Let ℘ be a monic prime in A, and let m be a monic polynomial in A such that gcd(m,℘) = 1. Let h
be a positive integer. Then
Ψm(C℘h(x)) = Ψm℘h(x)Ψm(C℘h−1 (x)).
Using Proposition 2.2, we prove the following result that will be useful in the proof of a Carlitz
module analogue of Lu¨neburg’s theorem.
Lemma 2.3. Let m be a monic polynomial in A of positive degree, and let q be a monic prime in A
such that q divides m. Then Ψm(x) divides Cm(x)/Cm/q(x) in the polynomial ring A[x].
Proof. We first prove Lemma 2.3 in the case when m = ℘s for some monic prime ℘ and some positive
integer s. In this case, we see that q = ℘, and thus
Ψm(x) = Ψ℘s(x) =
C℘s(x)
C℘s−1(x)
=
Cm(x)
Cm/℘(x)
=
Cm(x)
Cm/q(x)
,
which prove Lemma 2.3 for m = ℘s.
Set d = deg(m) ≥ 1. We prove Lemma 2.3 by induction on d.
If d = 1, then m = ℘ for some monic prime ℘ of degree 1. Thus Lemma 2.3 holds for d = 1.
Assume that Lemma 2.3 holds for any monic polynomial m of degree less than d. We prove that
Lemma 2.3 is true for d. Indeed, take any monic polynomial m of degree d. If m has exactly one monic
prime factor ℘, then m = ℘s for some positive integer s, and we already prove that Lemma 2.3 is true
in this case.
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If m has at least two distinct prime factors, then there exists another monic prime ℘ with ℘ 6= q.
Write m = n℘s for some positive integer s, where n is a monic polynomial such that gcd(n, ℘) = 1.
We know that q divides n and 1 ≤ deg(n) < deg(m) = d, and it thus follows from the induction
hypothesis that Ψn(x) divides Cn(x)/Cn/q(x). Hence there exists a polynomial Γ(x) ∈ A[x] such that
Ψn(x)Γ(x) =
Cn(x)
Cn/q(x)
. Substituting C℘s(x) for x in the last equation, we deduce that
Ψn(C℘s(x))Γ(C℘s (x)) =
Cn(C℘s(x))
Cn/q(C℘s(x))
=
Cn℘s(x)
C(n℘s)/q(x)
=
Cm(x)
Cm/q(x)
.(2)
Using equation (2) and applying Proposition 2.2 with n, ℘s in the roles of m,℘h, respectively, we
deduce that
Ψm(x)Ψn(C℘s−1(x))Γ(C℘s (x)) = Ψn℘s(x)Ψn(C℘s−1(x))Γ(C℘s (x)) = Ψn(C℘s(x))Γ(C℘s (x)) =
Cm(x)
Cm/q(x)
,
which proves Lemma 2.3.

The next two results are well-known, and will be very useful in many places of this paper. For the
proof of these results, see Bae [3, Lemmas 4.6 and 4.8].
Proposition 2.4. Let m be an element in A, and let u be a polynomial in A of positive degree. Assume
that the following condition is true:
(D) if deg(u) = 1, then q > 2.
Then
deg(Cm(u)) =
{
−∞ if m = 0,
deg(u)qdeg(m) if m 6= 0.
Proposition 2.5. Let m be an element in A, and let u be a unit in F×q . Assume that q > 2. Then the
degree of Cm(u) satisfies
deg(Cm(u)) =


−∞ if m = 0,
0 if deg(m) = 0,
qdeg(m)−1 otherwise.
The following elementary result will be used at many times in proofs of some subsequent results.
Corollary 2.6. Let m be a nonzero polynomial in A, and let u be a polynomial in A. Assume that the
following is true:
(D∗) if deg(u) = 0 or deg(u) = 1, then q > 2.
Then Cm(u) 6= 0 if and only if u 6= 0.
Proof. If u = 0, then Cm(u) = 0. If u 6= 0, then either deg(u) = 0 or deg(u) ≥ 1. If deg(u) = 0, it
follows from (D∗) that q > 2. Since u 6= 0, we know that u is a unit in F×q , and it thus follows from
Proposition 2.5 that Cm(u) 6= 0.
If deg(u) ≥ 1, we deduce from (D∗) that condition (D) in Proposition 2.4 is satisfied, and it thus
follows from Proposition 2.4 that Cm(u) 6= 0.

In the number field context, Roitman [17] obtained several lower bounds for the value of Ψm(u),
where Ψm(x) ∈ Z[x] is the classical m-th cyclotomic polynomial and u is a positive integer. These lower
bounds play a significant role in the proofs of the classical Bang–Zsigmondy theorem and the classical
Feit theorem that are given in Roitman [17]. In the function field context, in order to measure how
large a polynomial in A is, one can use the degree function deg : A → Z ∪ {−∞} in place of the usual
absolute value | · | of R. The aim of the next two lemmas is to compute the value of deg(Ψm(u)), where
Ψm(x) ∈ A[x] is the m-th cyclotomic polynomial over function fields, and m,u are polynomials in A.
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In contrast to the classical case, we can obtain an exact formula for deg(Ψm(u)). The next two lemmas
will be crucial in the proofs of our main results.
We first prove an exact formula for deg(Ψm(u)) in the case when u is of positive degree.
Lemma 2.7. Let m be a monic polynomial in A of positive degree, and let u be a polynomial of positive
degree. Assume that (D) in Proposition 2.4 is true. Then
deg(Ψm(u)) = deg(u)Φ(m),
where Φ(·) is the function field analogue of the classical Euler φ-function (see Subsection 1.3 for its
definition).
Proof. Let us first consider the case when m = P s for some monic prime P ∈ A and s ∈ Z>0. By
Corollary 2.6, CP s−1(u) 6= 0, and thus (1) implies that Ψm(u) = ΨP s(u) =
CP s(u)
CP s−1(u)
. Applying
Proposition 2.4, we see that deg(CP s−1 (u)) = deg(u)q
deg(P s−1) and deg(CP s(u)) = deg(u)q
deg(P s).
Thus
deg(Ψm(u)) = deg(CP s(u))− deg(CP s−1(u)) = deg(u)(q
deg(P s) − qdeg(P
s−1))
= deg(u)Φ(P s) = deg(u)Φ(m),
which proves Lemma 2.7 for m = P s.
Now let m be a monic polynomial in A of positive degree. Write m in the form m = n℘s with
s ∈ Z>0, where n is a monic polynomial and ℘ is a monic prime such that gcd(n, ℘) = 1. If n = 1, then
m = ℘s, and in this case Lemma 2.7 is true as shown above.
If n is of positive degree, then the induction hypothesis tells us that Lemma 2.7 is true for n, that
is, deg(Ψn(v)) = deg(v)Φ(n) for any v ∈ A of positive degree. Using this fact and Proposition 2.4, and
noting that deg(C℘s (u)) ≥ 1 and deg(C℘s−1(u)) ≥ 1, we deduce that
deg(Ψn(C℘s(u)) = deg(C℘s(u))Φ(n) = deg(u)q
deg(℘s)Φ(n),
and
deg(Ψn(C℘s−1 (u)) = deg(C℘s−1 (u))Φ(n) = deg(u)q
deg(℘s−1)Φ(n).
Therefore it follows from Proposition 2.2 that
deg(Ψm(u)) = deg(Ψn℘s(u)) = deg(Ψn(C℘s(u))− deg(Ψn(C℘s−1(u))
= deg(u)qdeg(℘
s)Φ(n)− deg(u)qdeg(℘
s−1)Φ(n) = deg(u)Φ(n)(qdeg(℘
s) − qdeg(℘
s−1))
= deg(u)Φ(n)Φ(℘s) = deg(u)Φ(m),
which proves our contention.

We now prove a formula for deg(Ψm(u)), where u is a unit in F
×
q .
Lemma 2.8. Let m be a monic polynomial in A of positive degree, and let u be a unit in F×q . Assume
that q > 2. Then the degree of Ψm(u) satisfies
deg(Ψm(u)) =


Φ(m) + (−1)h+1
q
if m = ℘1℘2 · · ·℘h, where the ℘i are distinct monic primes,
Φ(m)
q
if there exists a monic prime ℘ such that ℘2 divides m.
Proof. We consider the cases:
⋆ Case 1. m is square-free.
One can write m in the form
m = ℘1℘2 · · ·℘h,(3)
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where the ℘i are distinct monic primes and h is a positive integer. We prove Lemma 2.8 by induction
on h. If h = 1, then m = ℘ for some monic prime ℘. We know from (1) that Ψm(u) =
C℘(u)
u
, and thus
Proposition 2.5 implies that deg(C℘(u)) = q
deg(℘)−1. Therefore
deg(Ψm(u)) = deg(C℘(u))− deg(u) = q
deg(℘)−1 =
Φ(℘) + 1
q
=
Φ(m) + (−1)h+1
q
,
which proves Lemma 2.8 for h = 1.
Assume that Lemma 2.8 is true for h− 1 with h ≥ 2. We now prove that Lemma 2.8 is true for h.
Indeed, take any polynomial m ∈ A of the form (3), and set n = ℘2 · · ·℘h. By Proposition 2.5, we know
that deg(C℘1 (u)) = q
deg(℘1)−1 ≥ 1, and it thus follows from Lemma 2.7 that
deg(Ψn(C℘1(u))) = deg(C℘1 (u))Φ(n) = q
deg(℘1)−1Φ(n).(4)
By the induction hypothesis, we know that
deg(Ψn(u)) = deg(Ψ℘2···℘h(u)) =
Φ(n) + (−1)h
q
.(5)
In particular, this implies that Ψn(u) 6= 0. Applying Proposition 2.2 with 1, ℘1, n in the roles of h, ℘,m,
respectively, we deduce that
Ψm(u) = Ψ℘1n(u) =
Ψn(C℘1(u))
Ψn(C℘01(u))
=
Ψn(C℘1 (u))
Ψn(C1(u))
=
Ψn(C℘1(u))
Ψn(u)
.
Thus we deduce from (4) and (5) that
deg(Ψm(u)) = deg(Ψn(C℘1 (u)))− deg(Ψn(u)) = q
deg(℘1)−1Φ(n)−
Φ(n) + (−1)h
q
=
Φ(n)(qdeg(℘1) − 1) + (−1)h+1
q
=
Φ(n)Φ(℘1) + (−1)h+1
q
=
Φ(m) + (−1)h+1
q
,
which proves that Lemma 2.8 holds for any monic polynomial m of the form (3).
⋆ Case 2. m is a monic polynomial such that ℘2 divides m for some monic prime ℘.
Write m = n℘s, where s ∈ Z with s ≥ 2, ℘ is a monic prime, and n is a monic polynomial with
gcd(n, ℘) = 1. Using the same arguments as in Case 1, one obtains the proof of Case 2.

3. A Carlitz module analogue of Zsigmondy primes
In this section, we introduce a Carlitz module analogue of Zsigmondy primes for a pair of monic
polynomials. We then prove a function field analogue of Lu¨neburg’s theorem which is crucial in the
proofs of our main results.
Using Goss [11, Proposition 1.6.5 and Lemma 1.6.8], one obtains the following result.
Proposition 3.1. Let u be a nonzero polynomial in A, and let ℘ be a monic prime in A such that
℘ does not divide u. Then there exists a unique monic polynomial q of positive degree satisfying the
following two conditions.
(CA1) Cq(u) ≡ 0 (mod ℘); and
(CA2) for any nonzero polynomial m in A, q divides m if and only if Cm(u) ≡ 0 (mod ℘).
In [8], I introduced the notion of the Carlitz annihilator of a monic prime to study congruences of
primes dividing a Mersenne number in the function field setting. The following definition is a general-
ization of the notion of the Carlitz annihilator of a monic prime to a couple (u, ℘), where u is a nonzero
polynomial and ℘ is a monic prime.
Definition 3.2. Let u be a nonzero polynomial in A, and let ℘ be a monic prime in A. Let Pu,℘ be the
unique monic polynomial satisfying (CA1) and (CA2) in Proposition 3.1 if ℘ does not divide u, and let
Pu,℘ = 1 if ℘ divides u. The monic polynomial Pu,℘ is called the Carlitz annihilator of (u, ℘).
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For the rest of this paper, we always denote by Pu,℘ the Carlitz annihilator of a couple (u, ℘). The
following result is immediate from Lemma 1.4, Proposition 3.1, and Definition 3.2.
Proposition 3.3. Let u be a nonzero polynomial in A, and let ℘ be a monic prime in A. Let Pu,℘ be
the Carlitz annihilator of (u, ℘). Then
(i) Pu,℘ divides ℘− 1;
(ii) Pu,℘ = 1 if and only if ℘ divides u;
(iii) for any nonzero polynomial m in A, Pu,℘ divides m if and only if Cm(u) ≡ 0 (mod ℘);
(iv) Cn(u) 6≡ 0 (mod ℘) for every nonzero polynomial n ∈ A with deg(n) < deg(Pu,℘).
Proof. Only part (iv) needs a proof. If Pu,℘ = 1, then part (iii) is trivial. Assume that Pu,℘ is of positive
degree, and take any nonzero polynomial n ∈ A with deg(n) < deg(Pu,℘). If Cn(u) ≡ 0 (mod ℘), then
we see from Proposition 3.1 that Pu,℘ divides n. This implies that deg(Pu,℘) ≤ deg(n), which is a
contradiction. Hence Cn(u) 6≡ 0 (mod ℘), and therefore our contention follows immediately.

The analogy between the multiplicative group Gm and the Carlitz module C that is explained in
Section 1 (see Table 1) motivates the following notion.
Definition 3.4. Let m,u be nonzero polynomials in A. A Zsigmondy prime for (u,m) is a monic prime
℘ such that Cm(u) ≡ 0 (mod ℘) and Cn(u) 6≡ 0 (mod ℘) for every nonzero polynomial n ∈ A with
deg(n) < deg(m).
If a monic prime ℘ is not a Zsigmondy prime for (u,m), we say that ℘ is a non-Zsigmondy prime for
(u,m).
Remark 3.5.
(i) Write m = ǫm0, where ǫ ∈ F×q , and m0 is a monic polynomial in A. Proposition 3.3(iv) implies
that Definition 3.4 is equivalent to the following notion: A monic prime ℘ is a Zsigmondy prime
for a pair (u,m) if the Carlitz annihilator of (u, ℘) is exactly m0. In particular, when m is
monic, this means that the Carlitz annihilator of (u, ℘) is exactly m.
(ii) For any nonzero polynomials m,u ∈ A, write m = ǫm0 and u = δu0, where ǫ, δ ∈ F×q , and
m0, u0 are monic polynomials. We see that Cm(u) = ǫδCm0(u0), and Cn(u) = δCn(u0) for
any polynomial n ∈ A. Thus a prime ℘ is a Zsigmondy prime for (u,m) if and only if it is a
Zsigmondy prime for (u0,m0).
(iii) Assume that m,u are nonzero polynomials in A such that deg(m) = deg(u) = 0. Then m,u are
units in F×q . Hence Cm(u) = mu ∈ F
×
q , which proves that there exist no Zsigmondy primes for
(u,m).
By Remark 3.5, it suffices to study Zsigmondy primes for pairs (u,m), where m,u are monic polyno-
mials such that at least one of them is of positive degree. For the rest of this paper, whenever we study
Zsigmondy primes for a pair (u,m), we will always assume that m,u satisfy such conditions.
Remark 3.6.
(i) If ℘ is a Zsigmondy prime for (u,m), then ℘ divides Cm(u) =
∏
n|m
n monic
Ψn(u). If ℘ divides
Ψn(u) for some monic polynomial n dividing m with n 6= m, then Cn(u) =
∏
b|n
b monic
Ψb(u) ≡ 0
(mod ℘). Note that deg(n) < deg(m), and thus the last congruence implies that ℘ is not a
Zsigmondy prime for (u,m), which is a contradiction. Hence gcd(℘,Ψn(u)) = 1 for any monic
polynomial n dividing m with n 6= m. Therefore ℘ divides Ψm(u).
(ii) The above remark also implies that if ℘ does not divide Ψm(u), then ℘ is a non-Zsigmondy
prime for (u,m). The next result gives a simple criterion for testing whether a monic prime ℘ is
a non-Zsigmondy prime for a given pair (u,m). This is a function field analogue of Lu¨neburg’s
theorem (see Lu¨neburg [15, Satz 1] or Roitman [17, Proposition 2]).
Theorem 3.7. Let m,u be monic polynomials in A such that m is of positive degree. Let ℘ be a monic
prime dividing Ψm(u), and let Pu,℘ be the Carlitz annihilator of (u, ℘). Assume that condition (D∗) in
Corollary 2.6 is satisfied. Then
10 NGUYEN NGOC DONG QUAN
(i) ℘ is a non-Zsigmondy prime for (u,m) if and only if ℘ divides m.
(ii) if ℘ is a non-Zsigmondy prime for (u,m), then m = Pu,℘℘
s for some positive integer s. Fur-
thermore ℘2 does not divide Ψm(u) unless q = 2 and deg(℘) = 1.
Proof. Since ℘ divides Ψm(u), it follows from Proposition 2.1 that ℘ divides Cm(u). From Proposition
3.3(iv), one sees that Pu,℘ divides m. In particular this implies that deg(Pu,℘) < deg(m).
We now prove part (i). We first show that the “only if” part of (i) is true. Indeed assume that ℘ is
a non-Zsigmondy prime for (u,m). We know from Remark 3.5 that m 6= Pu,℘. Write
m = P ru,℘n,(6)
where r ∈ Z>0, and n is a monic element in A with gcd(Pu,℘, n) = 1. Since deg(Pu,℘) < deg(m), it
follows that r ≥ 2 or deg(n) ≥ 1.
Let l be a monic prime of positive degree such that l dividesm and Pu,℘ dividesm/l. Then Proposition
3.3(iii) implies that
Cm/l(u) ≡ 0 (mod ℘).(7)
Lemma 2.3 tells us that Ψm(x) divides Cm(x)/Cm/l(x) in A[x]. By Corollary 2.6, Cm/l(u) 6= 0, and
thus Ψm(u) divides Cm(u)/Cm/l(u). Since ℘ divides Ψm(u), we deduce that
Cm(u)
Cm/l(u)
≡ 0 (mod ℘).(8)
By [16, Proposition 12.11], one can write Cl(x) ∈ A[x] in the form
Cl(x) = lx+ [l, 1]x
q + . . .+ [l, deg(l)− 1]xq
deg(l)−1
+ xq
deg(l)
,
where [l, i] is a polynomial of degree qi(deg(l)− i) for each 1 ≤ i ≤ deg(l)− 1. By (7), we deduce that
Cm(u)
Cm/l(u)
=
Cl(Cm/l(u))
Cm/l(u)
= l + [l, 1](Cm/l(u))
q−1 + . . .+ (Cm/l(u))
qdeg(l)−1 ≡ l (mod ℘),
and therefore it follows from (8) that l ≡ 0 (mod ℘). Since l, ℘ are monic primes, we deduce that l = ℘.
In summary, we have proved that if l is a monic prime of positive degree such that l divides m, and
Pu,℘ divides m/l, then l = ℘.
We now prove that r = 1 and n = ℘s for some positive integer s in the equation (6) of m. Indeed if
r ≥ 2, then letting l = Pu,℘, we see that
m
l
=
m
Pu,℘
= P r−1u,℘ n ≡ 0 (mod Pu,℘). Thus repeating the same
arguments as before, we deduce that Pu,℘ = l ≡ 0 (mod ℘). On the other hand, Proposition 3.3(i) tells
us that Pu,℘ divides ℘− 1, and hence Pu,℘ = ℘ = ℘− 1, which is a contradiction. Thus r = 1.
Now take any monic prime l dividing n. From (6), one sees that
m
l
= Pu,℘(n/l) ≡ 0 (mod Pu,℘).
The same arguments as before yields that l = ℘, and thus n = ℘s for some s ∈ Z>0. Therefore
m = Pu,℘℘
s,(9)
which implies that ℘ divides m. Hence the “only if” part of (i) follows.
Suppose now that ℘ divides m. Assume the contrary, i.e., ℘ is a Zsigmondy prime for (u,m). Then
Remark 3.5(i) tells us that m = Pu,℘. Since ℘ divides m, we deduce that deg(℘) ≤ deg(m) = deg(Pu,℘).
On the other hand, we know from Proposition 3.3(i) that Pu,℘ divides ℘ − 1, and thus deg(Pu,℘) ≤
deg(℘− 1) = deg(℘). Therefore deg(Pu,℘) = deg(℘) = deg(℘− 1), and hence m = Pu,℘ = ℘− 1, which
is a contradiction since ℘ divides m. Thus ℘ is a non-Zsigmondy prime for (u,m).
We now prove part (ii). In the proof of the “only if” part of (i) above, we have showed that if ℘ is a
non-Zsigmondy prime for (u,m), then m is of the form (9), which proves the first part of (ii).
For the last part of (ii), using [16, Proposition 12.11], one can write C℘(x) ∈ A[x] in the form
C℘(x) = ℘x+ [℘, 1]x
q + . . .+ [℘, d− 1]xq
d−1
+ xq
d
,(10)
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where d = deg(℘), and [℘, i] is a polynomial of degree qi(d − i) in A for each 1 ≤ i ≤ d − 1. It is
well-known [13, Proposition 2.4] that C℘(x) is an Eisenstein polynomial, that is, [℘, i] is divisible by ℘
for each 1 ≤ i ≤ d− 1.
By the first part of (ii) and (9), we know that Pu,℘ divides the polynomial m/℘, and it thus follows
from Proposition 3.3(iii) that Cm/℘(u) ≡ 0 (mod ℘).
If d = deg(℘) > 1, then we know that qi − 1 ≥ 1 for every 1 ≤ i ≤ d− 1, and thus
[℘, i]Cm/℘(u)
qi−1 ≡ 0 (mod ℘2)
for every 1 ≤ i ≤ d − 1. Furthermore since qd − 1 ≥ q2 − 1 ≥ 3, we deduce that (Cm/℘(u))
qd−1 ≡ 0
(mod ℘2). By Corollary 2.6, one knows that Cm/℘(u) 6= 0, and therefore we deduce from (10) that
Cm(u)
Cm/℘(u)
=
C℘(Cm/℘(u))
Cm/℘(u)
= ℘+ [℘, 1](Cm/℘(u))
q−1 + . . .+ (Cm/℘(u))
qd−1 ≡ ℘ (mod ℘2).
Since Cm/℘(u) 6= 0, Lemma 2.3 tells us that Ψm(u) divides Cm(u)/Cm/℘(u). If ℘
2 divides Ψm(u),
then ℘ ≡
Cm(u)
Cm/℘(u)
≡ 0 (mod ℘2), which is a contradiction. Therefore ℘2 does not divide Ψm(u).
If q > 2, then qi − 1 ≥ 2 for every 1 ≤ i ≤ d, and thus (Cm/℘(u))
qi−1 ≡ 0 (mod ℘2) for every
1 ≤ i ≤ d. Repeating in the same arguments as above, we also obtain that ℘2 does not divide Ψm(u).

When q > 2, we see that condition (D∗) in Corollary 2.6 is trivially satisfied. For the rest of this
paper, we will always assume that q > 2, and thus it is worth restating Theorem 3.7 with the assumption
q > 2 in place of (D∗).
Corollary 3.8. Assume that q > 2. Let m,u be monic polynomials in A such that m is of positive
degree. Let ℘ be a monic prime dividing Ψm(u), and let Pu,℘ be the Carlitz annihilator of (u, ℘). Then
(i) ℘ is a non-Zsigmondy prime for (u,m) if and only if ℘ divides m.
(ii) if ℘ is a non-Zsigmondy prime for (u,m), then m = Pu,℘℘
s for some positive integer s. Fur-
thermore ℘2 does not divide Ψm(u).
4. Bang–Zsigmondy’s theorem in characteristic p 6= 2
In this section, we prove a function field analogue of Bang–Zsigmondy’s theorem in the case when
p 6= 2 (see Theorem 4.4 below). We begin by proving an elementary but very useful result that will play
a key role in the proofs of Theorem 4.4 and Theorem 5.2.
Lemma 4.1. Assume that q > 2. Let m be a polynomial in A of positive degree. Then Φ(m) ≥
(q − 1)deg(m), where Φ(·) denotes the function field analogue of the Euler φ-function (see Subsection
1.3 for its definition).
Proof. Since Φ(m) = Φ(ǫm) for any ǫ ∈ F×q , one can, without loss of generality, assume that m is a
monic polynomial. We first prove Lemma 4.1 when m = P s, where P is a monic prime and s ∈ Z>0.
Indeed, set d = deg(P ) ≥ 1. If s = 1, using Bernoulli’s inequality (see [12, Theorem 42]), we deduce
that
Φ(m) = Φ(P ) = qd − 1 = (1 + (q − 1))d − 1 ≥ 1 + (q − 1)d− 1 = (q − 1)d = (q − 1)deg(m).
If s > 1, then qd(s−1) ≥ 1 + (q − 1)d(s− 1), and thus qd(s−1) > 1 + (s− 1) = s. Therefore
Φ(m) = Φ(P s) = qdeg(P
s) − qdeg(P
s−1) = qd(s−1)(qd − 1)
> s((q − 1)d) = (q − 1)ds = (q − 1)deg(P s) = (q − 1)deg(m),
which proves Lemma 4.1 for m = P s.
Now let m be any monic polynomial of positive degree. Take a monic prime P dividing m, and write
m = nP s for some s ∈ Z>0, where n is a monic polynomial with gcd(n, P ) = 1. If n = 1, then Lemma
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4.1 is true as shown above. If deg(n) ≥ 1, the induction implies that Φ(n) ≥ (q−1)deg(n) ≥ 2. Therefore
Φ(P s)(Φ(n) − 1) ≥ (q − 1)deg(P s)(Φ(n) − 1) ≥ 2(Φ(n) − 1) ≥ Φ(n), and thus Φ(m) = Φ(n)Φ(P s) ≥
Φ(n) + Φ(P s). Hence
Φ(m) ≥ Φ(n) + Φ(P s) ≥ (q − 1)deg(n) + (q − 1)deg(P s) = (q − 1)deg(nP s) = (q − 1)deg(m).

Lemma 4.2. Assume that q > 2. Let m,u be monic polynomials such that m is of positive degree.
Then Ψm(u) is of positive degree.
Proof. If u is of positive degree, combining Lemmas 2.7 and 4.1 yields
deg(Ψm(u)) = deg(u)Φ(m) ≥ (q − 1)deg(m) ≥ q − 1 ≥ 2,
and thus Ψm(u) is of positive degree. If u is a unit in F
×
q , using Lemma 2.8 and repeating the same
arguments as above, one also obtains that Ψm(u) is of positive degree.

The next result is crucial in the proof of Theorem 4.4.
Corollary 4.3. Assume that p 6= 2 (recall that p is the characteristic of Fq). Let m,u be monic
polynomials in A such that m is of positive degree. Assume that there are no Zsigmondy primes for
(u,m). Then Ψm(u) = ǫ℘ for some unit ǫ ∈ F×q and some monic prime ℘.
Proof. Note that q > 2. By Lemma 4.2, Ψm(u) is of positive degree, and hence there is a monic prime
℘ dividing Ψm(u). Since ℘ is a non-Zsigmondy prime for (u,m), applying Corollary 3.8(ii), one sees
that m = Pu,℘℘
s for some s ∈ Z>0, where Pu,℘ is the Carlitz annihilator of (u, ℘).
We now prove that ℘ is the only monic prime factor of Ψm(u). Indeed, assume the contrary, that is,
there exists another monic prime P dividing Ψm(u) with P 6= ℘. By assumption, P is a non-Zsigmondy
prime for (u,m). Hence it follows from Corollary 3.8(i) that P divides m. Since gcd(P, ℘) = 1 and
m = Pu,℘℘
s, we see that P divides Pu,℘. Therefore by Proposition 3.3(i), we deduce that
℘− 1 ≡ 0 (mod P ).(11)
In particular, this implies that deg(P ) ≤ deg(℘ − 1) = deg(℘). Exchanging the roles of ℘ and P and
using the same arguments as above, we have
P − 1 ≡ 0 (mod ℘).(12)
Furthermore this implies that deg(℘) ≤ deg(P − 1) = deg(P ), and thus deg(P ) = deg(℘). Therefore
we deduce from (11) and (12) that P = ℘ − 1 and P − 1 = ℘. Hence P = ℘ − 1 = P − 2, and thus
2 = 0, which is a contradiction since p 6= 2. Thus ℘ is the only monic prime factor of Ψm(u), and hence
Ψm(u) = ǫ℘
e for some ǫ ∈ F×q and some e ∈ Z>0. By Corollary 3.8(ii), ℘
2 does not divide Ψm(u), and
hence e = 1, which proves Corollary 4.3.

The following result is a Carlitz module analogue of Bang–Zsigmondy’s theorem in characteristic
p 6= 2. An analogue of Bang–Zsigmondy’s theorem in characteristic two will be proved in Section 5.
Theorem 4.4. Assume that p 6= 2. Let m,u be monic polynomials in A such that at least one of them
is of positive degree. Then there exists a Zsigmondy prime for (u,m) except exactly in the following
case:
(EC1) q = 3, u = 1, and m = (℘− 1)℘, where ℘ is an arbitrary monic prime of degree 1 in F3[T ].
The proof of Theorem 4.4 will follow immediately from the next two lemmas.
Lemma 4.5. Assume that p 6= 2. Let m,u be monic polynomials in A such that u is of positive degree.
Then there exists a Zsigmondy prime for (u,m).
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℘ m = (℘− 1)℘ The prime factorization of Cm(1) Nonexistence of Zsigmondy
primes for (1,m)
T (T − 1)T Cm(1) = ℘21℘2, where ℘1 = T
and ℘2 = T + 1.
There are no Zsigmondy primes
for (1,m) since ℘1 = CT−1(1)
and CT (1) = ℘2.
T + 1 T (T + 1) Cm(1) = ℘
2
1℘2, where ℘1 = T+1
and ℘2 = T + 2.
There are no Zsigmondy primes
for (1,m) since ℘1 = CT (1) and
CT+1(1) = ℘2.
T + 2 (T + 1)(T + 2) Cm(1) = ℘1℘
2
2, where ℘1 = T
and ℘2 = T + 2.
There are no Zsigmondy primes
for (1,m) since ℘1 = CT−1(1)
and CT+1(1) = ℘2
Table 2: Nonexistence of Zsigmondy primes for (1,m), where m = (℘− 1)℘ for some monic prime ℘ of
degree 1 in F3[T ].
Proof. Note that q > 2. If m = 1, then ℘ is a Zsigmondy prime for (u,m) for each monic prime ℘
dividing u. Suppose now that deg(m) > 0. Assume the contrary, i.e, there exist no Zsigmondy primes
for (u,m). By Corollary 4.3, Ψm(u) = ǫ℘ for some unit ǫ ∈ F×q and some monic prime ℘.
Since u is of positive degree, one sees from Lemma 2.7 that deg(℘) = deg(Ψm(u)) = deg(u)Φ(m).
Since ℘ is a non-Zsigmondy prime for (u,m), we deduce from Corollary 3.8(i) that ℘ divides m, and
thus deg(℘) ≤ deg(m). Therefore deg(u)Φ(m) ≤ deg(m).
On the other hand, Lemma 4.1 tells us that Φ(m) ≥ (q − 1)deg(m), and therefore
deg(m) ≥ deg(u)Φ(m) ≥ Φ(m) ≥ (q − 1)deg(m) ≥ 2deg(m).
Hence deg(m) = 0, which is a contradiction. Thus there exists a Zsigmondy prime for (u,m).

Lemma 4.6. Assume that p 6= 2. Let m be a monic polynomial in A such that m is of positive degree.
Then there exists a Zsigmondy prime for (1,m) except exactly in the following case:
(EC1) q = 3, and m = (℘− 1)℘, where ℘ is an arbitrary monic prime of degree 1 in F3[T ].
Proof. Assume first that q = 3, and m = (℘− 1)℘, where ℘ is an arbitrary monic prime of degree 1 in
F3[T ]. Table 2 tells us that there exist no Zsigmondy primes for (1,m).
Suppose now that we are not in the exceptional case (EC1) in Lemma 4.6, that is, either q = 3 and
m 6= (℘− 1)℘ for any monic prime ℘ of degree 1 in F3[T ] or q 6= 3. Assume the contrary, i.e., there exist
no Zsigmondy primes for (1,m). It then follows from Corollary 4.3 that
Ψm(1) = ǫ℘(13)
for some ǫ ∈ F×q and some monic prime ℘. Since ℘ is a non-Zsigmondy prime for (1,m), we know from
Corollary 3.8(ii) that
m = P1,℘℘
s,(14)
where P1,℘ is the Carlitz annihilator of (1, ℘), and s ∈ Z>0. By Proposition 3.3(ii), deg(P1,℘) > 0.
By Lemma 2.8, we see that
deg(Ψm(1)) =
Φ(m) + δ
q
,(15)
where δ is an integer in {0,±1}. Recall from Proposition 3.3(i) that P1,℘ divides ℘ − 1, and thus
gcd(P1,℘, ℘) = 1. Note that q > 2, and thus Lemma 4.1 yields
Φ(m) = Φ(P1,℘)Φ(℘
s) ≥ (q − 1)deg(P1,℘)(q − 1)deg(℘
s) ≥ s(q − 1)2deg(P1,℘)deg(℘).
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Since deg(P1,℘) ≥ 1 and s ≥ 1, it follows from the above inequalities that
Φ(m) ≥ (q − 1)2deg(℘).(16)
Note that if equality in (16) occurs, then deg(P1,℘) = s = 1.
Since δ ≥ −1, we deduce from (15) and (16) that
deg(Ψm(1)) ≥
(q − 1)2deg(℘)− 1
q
.(17)
From (16) and the remark following (16), we see that if equality in (17) occurs, then deg(P1,℘) = s = 1.
By (13), (17), we deduce that
(q − 1)2deg(℘)− 1
q
≤ deg(Ψm(1)) = deg(℘),(18)
and thus
((q − 1)2 − q)deg(℘) ≤ 1.(19)
Note that equality in (19) occurs if and only if equality in (18) occurs.
On the other hand, we see that (q− 1)2 − q ≥ 1 with equality if and only if q = 3. Since deg(℘) ≥ 1,
we deduce from (19) that 1 ≤ ((q − 1)2 − q)deg(℘) ≤ 1, and therefore
((q − 1)2 − q)deg(℘) = 1.(20)
Equation (20) implies that equality in (19) occurs, and thus q = 3 and deg(℘) = 1. Furthermore since
equality in (19) occurs, equality in (18) also occurs, which in turns implies that equality in (17) occurs.
Therefore by the remark following (17), we see that deg(P1,℘) = s = 1. Thus it follows from (14) that
m = P1,℘℘, where deg(P1,℘) = deg(℘) = 1. Since P1,℘, ℘− 1 are monic primes and P1,℘ divides ℘− 1,
we deduce that P1,℘ = ℘− 1. Therefore q = 3 and m = (℘− 1)℘, where ℘ is a monic prime of degree 1
in F3[T ]. This implies that we are in the exceptional case (EC1), which is a contradiction. Thus there
exists a Zsigmondy prime for (1,m).

5. Bang–Zsigmondy’s theorem in characteristic two
In this section, we will prove an analogue of Bang–Zsigmondy’s theorem in characteristic two.
Throughout this section, we assume that p = 2 and q > 2.
Lemma 5.1. Let m,u be monic polynomials in A such that m is of positive degree. Assume that there
are no Zsigmondy primes for (u,m). Then either of the following is true:
(i) Ψm(u) = ǫ℘ for some unit ǫ ∈ F×q and some monic prime ℘;
(ii) Ψm(u) = ǫ℘(℘− 1), where ǫ ∈ F×q and ℘ is a monic prime such that ℘− 1 is also a prime.
Proof. By Lemma 4.2, we know that Ψm(u) is of positive degree. Hence there exists a monic prime ℘
dividing Ψm(u). Since ℘ is a non-Zsigmondy prime for (u,m), applying Corollary 3.8(ii), we deduce
that
m = Pu,℘℘
s(21)
for some positive integer s, where Pu,℘ is the Carlitz annihilator of (u, ℘).
If ℘ is the only prime factor of Ψm(u), then Ψm(u) = ǫ℘
e for some ǫ ∈ F×q and e ∈ Z>0. By Corollary
3.8(ii), ℘2 does not divide Ψm(u), and therefore e = 1. Thus Ψm(u) = ǫ℘.
If Ψm(u) has at least two distinct prime factors, fix a monic prime factor ℘ of Ψm(u), and take any
monic prime P dividing Ψm(u) with P 6= ℘. We contend that P = ℘− 1. Indeed, by assumption, P is a
non-Zsigmondy prime for (u,m). Hence Corollary 3.8(i) tells us that P divides m. Since gcd(P, ℘) = 1,
we deduce from (21) that P divides Pu,℘. Therefore by Proposition 3.3(i), we have
℘− 1 ≡ 0 (mod P ).(22)
In particular, this implies that deg(P ) ≤ deg(℘− 1) = deg(℘).
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Exchanging the roles of ℘ and P and using the same arguments as above, we deduce that
P − 1 ≡ 0 (mod ℘).(23)
Furthermore this implies that deg(℘) ≤ deg(P −1) = deg(P ), and it thus follows that deg(P ) = deg(℘).
Since P, ℘ are monic, we deduce from (22) that P = ℘− 1.
Thus we have proved that if P is an arbitrary monic prime dividing Ψm(u) such that P 6= ℘, then
P = ℘−1. In particular, this implies that ℘−1 is prime, and ℘, ℘−1 are the only monic prime factors of
Ψm(u). Therefore Ψm(u) is of the form Ψm(u) = ǫ(℘− 1)
r℘e for some r, e ∈ Z>0 and ǫ ∈ F
×
q . Corollary
3.8(ii) now implies that ℘2 does not divide Ψm(u), and therefore e = 1. Similarly (℘ − 1)2 does not
divide Ψm(u), and thus r = 1. Hence Ψm(u) = ǫ(℘− 1)℘, which proves our contention.

We now state an analogue of Bang–Zsigmondy’s theorem in characteristic two.
Theorem 5.2. Let m,u be monic polynomials in A such that at least one of them is of positive degree.
Then there exists a Zsigmondy prime for (u,m) except exactly in the following case:
(EC2) q = 22, u = 1, and m = (℘− 1)℘, where ℘ is an arbitrary monic prime of degree 1 in F22 [T ].
The proof of Theorem 5.2 will follow immediately from the next two lemmas.
Lemma 5.3. Let m,u be monic polynomials in A such that u is of positive degree. Then there exists a
Zsigmondy prime for (u,m).
Proof. If m = 1, then ℘ is a Zsigmondy prime for (u,m) for each monic prime ℘ dividing u. Suppose
now that deg(m) > 0. Assume the contrary, i.e., there exist no Zsigmondy primes for (u,m). By Lemma
5.1, we know that either of the following is true:
(i) Ψm(u) = ǫ℘ for some unit ǫ ∈ F×q and some monic prime ℘;
(ii) Ψm(u) = ǫ(℘− 1)℘ for some ǫ ∈ F×q , where both ℘, ℘− 1 are monic primes.
If Ψm(u) = ǫ℘ for some unit ǫ ∈ F
×
q and some monic prime ℘, repeating the same arguments as in
the proof of Lemma 4.5, we deduce that there exists a Zsigmondy prime for (u,m).
Suppose now that Ψm(u) = ǫ(℘− 1)℘ for some ǫ ∈ F
×
q , where both ℘, ℘− 1 are monic primes. Since
℘ divides Ψm(u) and ℘ is a non-Zsigmondy prime for (u,m), we deduce from Corollary 3.8(ii) that
m = Pu,℘℘
s,(24)
where Pu,℘ is the Carlitz annihilator of (u, ℘) and s ∈ Z>0. Similarly, Corollary 3.8(ii) yields
m = Pu,℘−1(℘− 1)
r,(25)
where Pu,℘−1 is the Carlitz annihilator of (u, ℘ − 1) and r ∈ Z>0. Since (℘ − 1) − 1 = ℘, we deduce
from Proposition 3.3(i) that Pu,℘−1 divides ℘.
From (24), (25), we get
m = Pu,℘℘
s = Pu,℘−1(℘− 1)
r.(26)
By Proposition 3.3(i), Pu,℘ divides ℘− 1, and hence deg(Pu,℘) ≤ deg(℘− 1) = deg(℘). From (26) and
since gcd((℘− 1)r, ℘s) = 1, we deduce that (℘− 1)r divides Pu,℘. Hence
deg(Pu,℘) ≤ deg(℘) ≤ rdeg(℘) = rdeg(℘− 1) = deg((℘− 1)
r) ≤ deg(Pu,℘),
which implies that deg(Pu,℘) = deg(℘) = rdeg(℘) = deg((℘ − 1)r). Therefore r = 1, and (℘ − 1)r =
Pu,℘. Thus Pu,℘ = ℘ − 1. Exchanging the roles of ℘ and ℘ − 1, one can show that s = 1 and
Pu,℘−1 = (℘− 1)− 1 = ℘, and thus m = (℘− 1)℘. Therefore Ψm(u) = ǫ(℘− 1)℘ = ǫm.
By Lemma 2.7, deg(m) = deg(Ψm(u)) = deg(u)Φ(m). Hence it follows from Lemma 4.1 that
deg(m) ≥ deg(u)(q − 1)deg(m) ≥ (q − 1)deg(m) > deg(m),
which is a contradiction. Thus there exists a Zsigmondy prime for (u,m).

We now consider Theorem 5.2 in the case when m is of positive degree and u = 1.
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℘ m = (℘− 1)℘ The prime factorization of
Cm(1)
Nonexistence of Zsigmondy
primes for (1,m)
T (T − 1)T Cm(1) = ℘21℘
2
2, where ℘1 = T
and ℘2 = T + 1.
There are no Zsigmondy primes
for (1,m) since ℘1 = CT−1(1)
and ℘2 = CT (1).
T + 1 T (T + 1) Cm(1) = ℘
2
1℘
2
2, where ℘1 = T
and ℘2 = T + 1.
There are no Zsigmondy primes
for (1,m) since ℘1 = CT−1(1)
and ℘2 = CT (1).
T + ω (T + ω − 1)(T + ω) Cm(1) = ℘21℘
2
2, where ℘1 = T+ω
and ℘2 = T + ω
2.
There are no Zsigmondy primes
for (1,m) since ℘1 = CT+ω−1(1)
and ℘2 = CT+ω2−1(1)
T + ω2 (T + ω2 − 1)(T + ω2) Cm(1) = ℘21℘
2
2, where ℘1 = T+ω
and ℘2 = T + ω
2.
There are no Zsigmondy primes
for (1,m) since ℘1 = CT+ω−1(1)
and ℘2 = CT+ω2−1(1)
Table 3: Nonexistence of Zsigmondy primes for (1,m), where m = (℘ − 1)℘ for a monic prime ℘ of
degree 1 in F22 [T ].
Lemma 5.4. Let m be a monic polynomial in A such that m is of positive degree. Then there exists a
Zsigmondy prime for (1,m) except exactly in the following case:
(EC2) q = 22, and m = (℘− 1)℘, where ℘ is an arbitrary monic prime of degree 1 in F22 [T ].
Proof. Assume that we are in the exceptional case (EC2), that is, q = 22 and m = (℘− 1)℘ for a monic
prime ℘ of degree 1 in F22 [T ]. We see that F22 = F2(ω), where ω is an element in the algebraic closure
of F2 such that ω
2 + ω + 1 = 0. We know that {T, T + 1, T + ω, T + ω2} consists of all monic primes
of degree 1 in F22 [T ]. Table 3 tells us that there are no Zsigmondy primes for (1,m) in the exceptional
case (EC2).
Suppose now that we are not in the exceptional case (EC2) in Lemma 5.4, that is, either q = 22 and
m 6= (℘ − 1)℘ for any monic prime ℘ of degree 1 in F22 [T ] or q 6= 2
2. Assume the contrary, i.e., there
exist no Zsigmondy primes for (1,m). By Lemma 5.1, we know that either of the following is true:
(i) Ψm(1) = ǫ℘ for some unit ǫ ∈ F×q and some monic prime ℘;
(ii) Ψm(1) = ǫ(℘− 1)℘ for some unit ǫ ∈ F×q , where both ℘, ℘− 1 are monic primes.
Repeating the same arguments as in the proof of Lemma 4.6, we deduce that there exists a Zsigmondy
prime for (1,m) if Ψm(1) = ǫ℘ for some unit ǫ ∈ F×q and some monic prime ℘.
Suppose now that Ψm(1) = ǫ(℘ − 1)℘ for some unit ǫ ∈ F
×
q , where both ℘, ℘− 1 are monic primes.
Using the same arguments as in Lemma 5.3, we deduce that m = (℘− 1)℘ and hence Ψm(1) = ǫm. By
Lemma 2.8, we see that deg(Ψm(1)) =
Φ(m) + δ
q
for some integer δ ∈ {0,±1}. Since ℘−1, ℘ are primes
with gcd(℘− 1, ℘) = 1, Lemma 4.1 yields
Φ(m) = Φ((℘− 1)℘) = Φ(℘− 1)Φ(℘) ≥ (q − 1)deg(℘− 1)(q − 1)deg(℘) = (q − 1)2deg(℘)2.
Since δ ≥ −1 and deg(℘) ≥ 1, we get
2deg(℘) = deg(m) = deg(Ψm(1)) ≥
(q − 1)2deg(℘)2 − 1
q
≥
(q − 1)2deg(℘)− 1
q
,
and therefore deg(℘)((q− 1)2− 2q) ≤ 1. By assumption, q ≥ 4, and thus (q− 1)2− 2q = q2− 4q+1 ≥ 1
with equality if and only if q = 22. Since deg(℘) ≥ 1, we deduce that 1 ≤ deg(℘)((q − 1)2 − 2q) ≤ 1,
and thus deg(℘)((q − 1)2 − 2q) = 1. The last equation yields deg(℘) = 1 and q = 22. Hence q = 22,
and m = (℘ − 1)℘ for some monic prime ℘ of degree 1 in F22 [T ]. Thus we are in the exceptional case
(EC2), which is a contradiction. Therefore there exists a Zsigmondy prime for (1,m).

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6. An analogue of large Zsigmondy primes, and Feit’s theorem in positive
characteristic
In this section, we introduce a notion of large Zsigmondy primes in the function field context, and
prove a function field analogue of Feit’s theorem (see Theorem 6.16) which assures the existence of a
large Zsigmondy prime for a pair (u,m) of monic polynomials except some exceptional cases. We begin
by recalling the notion of large Zsigmondy primes that was already mentioned in the introduction.
Definition 6.1. Let m,u be monic polynomials in A = Fq[T ]. A monic prime ℘ is called a large
Zsigmondy prime for (u,m) if ℘ is a Zsigmondy prime for (u,m), and either deg(℘) > deg(m) or ℘2
divides Cm(u).
Remark 6.2. Let ℘ be a Zsigmondy prime for (u,m). We know from Remark 3.5(i) that m is the
Carlitz annihilator of (u, ℘). By Proposition 3.3(i), we deduce that deg(m) ≤ deg(℘ − 1) = deg(℘).
Thus ℘ is not a large Zsigmondy prime for (u,m) if and only if the following are true:
(i) deg(℘) = deg(m); and
(ii) ℘2 does not divide Cm(u).
The next result plays a central role in the proof of Theorem 6.16.
Corollary 6.3. Assume that q > 2. Let m,u be monic polynomials in A such that at least one of them
is of positive degree. Assume that there exists no large Zsigmondy prime for (u,m), and that there exists
a Zsigmondy prime for (u,m). Then
(i) m+ 1 is the unique Zsigmondy prime for (u,m);
(ii) either Ψm(u) = ǫ(m+ 1) or Ψm(u) = ǫq(m+ 1) for some unit ǫ ∈ F×q and some monic prime q
dividing m.
Proof. We contend that deg(m) > 0. Indeed, assume the contrary, i.e., deg(m) = 0, and hence m = 1.
By assumption, deg(u) ≥ 1. Thus any monic prime ℘ dividing u is a large Zsigmondy prime for (u,m),
which is a contradiction. Therefore deg(m) > 0.
Let q be any Zsigmondy prime for (u,m). By Corollary 3.8(i), q does not divide m. Since q is
not a large Zsigmondy prime for (u,m), we know from Remark 6.2 that deg(q) = deg(m). Since q
is a Zsigmondy prime for (u,m), we see from Remark 3.5(i) that m = Pu,q. Hence it follows from
Proposition 3.1(i) that m divides q− 1, and thus m = q− 1 since deg(q− 1) = deg(q) = deg(m). Hence
q = m+ 1, which proves part (i) of Corollary 6.3.
By Remark 3.6(i), we deduce from part (i) that m+1 divides Ψm(u). We see that (m+1)
2 does not
divide Ψm(u); otherwise, it follows from Proposition 2.1 that (m+ 1)
2 divides Cm(u), and hence m+ 1
is a large Zsigmondy prime for (u,m), which is a contradiction. Therefore Ψm(u) is of the form
Ψm(u) = ǫQ(m+ 1),(27)
where ǫ ∈ F×q and Q is a monic polynomial such that gcd(Q,m+ 1) = 1. If deg(Q) = 0, or equivalently
Q = 1, we see that Ψm(u) = ǫ(m+ 1), and part (ii) follows.
Suppose now that deg(Q) ≥ 1. Then there is a monic prime q of positive degree dividing Q. By part
(i) and since gcd(q,m+1) = 1, we know that q is a non-Zsigmondy prime for (u,m), and it thus follows
from Corollary 3.8(ii) that m can be written in the form
m = Pu,qq
s(28)
for some positive integer s, where Pu,q is the Carlitz annihilator of (u, q).
By Proposition 3.3(i), Pu,q divides q− 1, which implies that deg(Pu,q) ≤ deg(q− 1) = deg(q).
We now prove that Q = q. Assume the contrary, that is, Q 6= q. By Corollary 3.8(ii), q2 does not
divide Ψm(u), and thus Q/q is not divisible by q. Since Q/q is a monic polynomial such that Q/q 6= 1, we
deduce that deg(Q/q) > 0, and thus there is a monic prime, say ℘, dividing Q/q. Since gcd(q, Q/q) = 1,
we deduce that gcd(℘, q) = 1.
We will prove that ℘ = q−1 and p = 2. Indeed since ℘ divides Q/q, we deduce that gcd(℘,m+1) = 1,
and thus part (i) tells us that ℘ is a non-Zsigmondy prime for (u,m). Following the same arguments
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as above, one can write m = Pu,℘℘
r for some r ∈ Z>0, where Pu,℘ is the Carlitz annihilator of (u, ℘).
Thus m = Pu,qq
s = Pu,℘℘
r.
By Proposition 3.3(i), Pu,℘ divides ℘−1, and thus deg(Pu,℘) ≤ deg(℘−1) = deg(℘). Since gcd(℘, q) =
1, we deduce that ℘r divides Pu,q, which in turn implies that ℘
r divides q − 1, and hence rdeg(℘) ≤
deg(q − 1) = deg(q). Similarly, qs divides ℘− 1, and sdeg(q) ≤ deg(℘− 1) = deg(℘). Therefore
deg(℘) ≤ rdeg(℘) ≤ deg(q) ≤ sdeg(q) ≤ deg(℘),
and thus
deg(℘) = rdeg(℘) = deg(q) = sdeg(q) = deg(℘).
Hence r = s = 1, and deg(q) = deg(℘). Since ℘, q are monic, we deduce that
℘ = q− 1,(29)
and
q = ℘− 1.(30)
Therefore q = ℘ − 1 = q − 2, and hence −2 = 0, which implies that p = 2. (Recall that p is the
characteristic of Fq.)
Furthermore, since ℘ divides Pu,q, and Pu,q divides q− 1, we deduce from (29) that
Pu,q = ℘ = q− 1,
and thus
m = Pu,qq = (q − 1)q.(31)
In summary, we have shown that if ℘ is any monic prime dividing Q/q, then ℘ = q− 1. In particular,
this implies that q− 1 is a prime. Hence Q/q = (q − 1)s1 for some s1 ∈ Z>0. Since gcd(Q,m+ 1) = 1,
we deduce from part (i) that q − 1 is a non-Zsigmondy prime for (u,m), and Corollary 3.8(ii) tells us
that s1 = 1. Hence Q = q(q− 1), and It therefore follows from (27) and (31) that
Ψm(u) = ǫQ(m+ 1) = ǫq(q− 1)(m+ 1) = ǫm(m+ 1).(32)
We consider two cases:
⋆ Case 1. deg(u) = 0.
We see that u = 1. From (31) and (32), we have Ψm(u) = ǫ(q− 1)q(q(q− 1) + 1), and thus
deg(Ψm(u)) = 4deg(q).(33)
On the other hand, since deg(u) = 0, Lemma 2.8 yields
deg(Ψm(u)) =
Φ(m) + δ
q
(34)
for some integer δ ∈ {−1, 0, 1}. Applying Lemma 4.1, we see from (31) that
Φ(m) = Φ(q(q − 1)) = Φ(q)Φ(q − 1) ≥ (q − 1)2deg(q)deg(q− 1) = (q − 1)2deg(q)2.
Since δ ≥ −1, we deduce from (33) and (34) that
4deg(q) = deg(Ψm(u)) ≥
Φ(m)− 1
q
≥
(q − 1)2deg(q)2 − 1
q
,
and thus
deg(q)((q − 1)2deg(q)− 4q) ≤ 1.(35)
Note that q ≥ 4 since q is a power of 2 and q > 2. If deg(q) ≥ 2, then we see that
2(q − 1)2 − 4q = 2(q2 − 4q + 1) = 2(q(q − 4) + 1) ≥ 2,
and thus deg(q)((q − 1)2deg(q)− 4q) ≥ 4, which is a contradiction to (35).
Suppose now that deg(q) = 1. Since q is a power of 2 and q > 2, either q ≥ 8 or q = 4. If q = 4,
then we see from (31) that m = q(q− 1), where q is a monic prime of degree 1 in F22 [T ]. Since u = 1,
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Theorem 5.2 tells us that there exist no Zsigmondy primes for (u,m) in F22 [T ], which is a contradiction.
Thus q ≥ 8, and therefore
deg(q)((q − 1)2deg(q)− 4q) = q2 − 6q + 1 = q(q − 6) + 1 ≥ 17,
which is a contradiction to (35).
⋆ Case 2. deg(u) > 0.
By Lemma 2.7, (31), and (32), we know that deg(Ψm(u)) = Φ(m)deg(u) = 2deg(m). Thus, by
Lemma 4.1, 2deg(m) = Φ(m)deg(u) ≥ Φ(m) ≥ (q − 1)deg(m), and therefore (q − 3)deg(m) ≤ 0, which
is a contradiction since q ≥ 4 and deg(m) ≥ 1.
By Cases 1 and 2, we conclude that Q = q, and it thus follows from (27) that Ψm(u) = ǫq(m+ 1),
which proves part (ii).

We now state several lemmas (see Lemmas 6.4, 6.5, 6.6, 6.7, 6.8, 6.9, 6.10, and 6.11) that we need in
the proof of Theorem 6.16. These lemmas rule out the exceptional cases in Theorem 6.16 that naturally
appear in the proof of Theorem 6.16. The proofs of the lemmas are purely computational, and can be
easily verified with the aid of a computer algebra system. So we do not include the proofs here.
Lemma 6.4. Let q = 3. Let X3 be the set of all monic polynomials m ∈ F3[T ] satisfying the following
conditions:
(i) m = (℘− 1)℘s for some monic prime ℘ of degree one in F3[T ] and some integer 2 ≤ s ≤ 7;
(ii) m+ 1 is the only Zsigmondy prime for (1,m);
(iii) there are no large Zsigmondy primes for (1,m).
Then X3 = {(T − 1)T
2, T (T + 1)2, (T + 1)(T + 2)2}.
Lemma 6.5. Let q = 3. Let X4 be the set of all polynomials m ∈ F3[T ] satisfying the following
conditions:
(i) m is a monic prime of degree one in F3[T ];
(ii) m+ 1 is the only Zsigmondy prime for (m,m);
(iii) there are no large Zsigmondy primes for (m,m).
Then X4 = {T, T + 1, T + 2}.
Lemma 6.6. Let q = 3. Let X5 be the set of all monic polynomials m ∈ F3[T ] satisfying the following
two conditions:
(i) there exists a monic prime q of degree 2 or 3 in F3[T ] such that the Carlitz annihilator P1,q of
(1, q) is of degree 2 and m = P1,qq;
(ii) m+ 1 is a prime in F3[T ].
Then X5 = ∅.
Lemma 6.7. Let q = 5. Let X6 be the set of all monic polynomials m ∈ F5[T ] satisfying the following
conditions:
(i) m = (℘− 1)℘ for some monic prime ℘ of degree one in F5[T ];
(ii) m+ 1 is the only Zsigmondy prime for (1,m); and
(iii) there are no large Zsigmondy primes for (1,m).
Then
X6 = {m = (℘− 1)℘ | ℘ is a monic prime of degree one in F5[T ]}
= {m = (T + α− 1)(T + α) | α ∈ F5}.
Lemma 6.8. Assume that q > 2. Let X7 be the set of all monic primes of degree one in Fq[T ]. Then
there are no large Zsigmondy primes for (1,m) for any m ∈ X7.
Lemma 6.9. Let q = 3. Let X8 be the set of all monic polynomials m ∈ F3[T ] satisfying the following
conditions:
(i) m = ℘2 for some monic prime ℘ of degree one in F3[T ];
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(ii) m+ 1 is the only Zsigmondy prime for (1,m);
(iii) there are no large Zsigmondy primes for (1,m).
Then X8 = {T 2, (T + 1)2, (T + 2)2}.
Lemma 6.10. Let q = 4, and write F4 = F2(w), where w is an element in the algebraic closure of F2
such that w2 +w+1 = 0. Let X9 be the set of all monic polynomials m ∈ F4[T ] satisfying the following
conditions:
(i) m = m1m2, where m1,m2 are monic polynomials in F4[T ] such that deg(m1) = deg(m2) = 1
and gcd(m1,m2) = 1;
(ii) m+ 1 is the only Zsigmondy prime for (1,m);
(iii) there are no large Zsigmondy primes for (1,m).
Then X9 = {T (T + w), T (T + w2), (T + 1)(T + w), (T + 1)(T + w2)}.
Lemma 6.11. Let q = 3. Let X10 be the set of all monic polynomials m ∈ F3[T ] satisfying the following
conditions:
(i) m is square-free, i.e., ℘2 does not divide m for any monic prime ℘;
(ii) m = m1m2, wherem1,m2 are monic polynomials in F3[T ] such that gcd(m1,m2) = 1, deg(m1) ∈
{1, 2}, and deg(m2) = 1;
(iii) m+ 1 is the only Zsigmondy prime for (1,m);
(iv) there are no large Zsigmondy primes for (1,m).
Then X10 = {T 3 + 2T }.
In order to rule out some exceptional cases in the proof of Theorem 6.16, we need to strengthen
Lemma 4.1, and obtain a sharper lower bound for Φ(m) for some special cases of m.
Lemma 6.12. Assume that q > 2. Let ℘ be a monic prime of degree ≥ 2. Then
Φ(℘)− qdeg(℘) ≥ q2 − 2q − 1.(36)
Furthermore equality in (36) occurs if and only if deg(℘) = 2.
Proof. Let H(α) be the function defined by
H(α) = qα − 1− qα,(37)
where α ranges over the set [2,∞). Note that (36) is equivalent to the inequality
H(deg(℘)) ≥ q2 − 2q − 1.
We prove that H is a strictly increasing function over the interval [2,∞). Indeed, the derivative of
H is equal to
H ′(α) = ln(q)qα − q,
and since q ≥ 3 and α ≥ 2, we deduce that
H ′(α) ≥ ln(3)q2 − q > q2 − q = q(q − 1) ≥ 6 > 0.
Thus H is a strictly increasing function over the interval [2,∞), and therefore
H(α) ≥ H(2) = q2 − 2q − 1.(38)
Note that equality in (38) occurs if and only if α = 2.
Now replacing α by deg(℘) in (38), Lemma 6.12 follows immediately.

Since q2 − 2q − 1 = q(q − 2)− 1 ≥ 2, the next result follows immediately from Lemma 6.12.
Corollary 6.13. Assume that q > 2. Let ℘ be a monic prime of degree ≥ 2. Then Φ(℘) > qdeg(℘).
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Lemma 6.14. Assume that q > 2. Let ℘ be a monic prime, and let s be an integer such that s ≥ 2.
Then
Φ(℘s)− qdeg(℘s) ≥ q(q − 3)(39)
Furthermore equality in (39) occurs if and only if deg(℘) = 1 and s = 2.
Proof. Let F (α) be the function defined by F (α) = qsα − q(s−1)α − sqα, where α ranges over the set
[1,∞). Note that (39) is equivalent to the inequality F (deg(℘)) ≥ q(q − 3). In order to prove Lemma
6.14, it suffices to show that F is a strictly increasing function over the interval [1,∞). For the proof of
the latter, one can use the same arguments as in the proof of Lemma 6.12.

The next result is immediate from Lemma 6.14.
Corollary 6.15. Assume that q > 2. Let ℘ be a monic prime, and let s be an integer such that s ≥ 2.
Then
Φ(℘s) ≥ qdeg(℘s).(40)
Furthermore equality in (40) occurs if and only if q = 3, deg(℘) = 1, and s = 2.
The following theorem is the second main result of this paper that can be viewed as a function field
analogue of Feit’s theorem (see Feit [9, Theorem A]). Corollary 6.3 plays a key role in the proof of the
next theorem.
Theorem 6.16. Assume that q > 2. Let m,u be monic polynomials in A such that at least one of
them is of positive degree. Then there exists a large Zsigmondy prime for (u,m) except exactly in the
following cases:
(EC-I) q = 3, u = 1, and m = (℘− 1)℘, where ℘ is an arbitrary monic prime of degree one in F3[T ];
(EC-II) q = 22, u = 1, and m = (℘− 1)℘, where ℘ is an arbitrary monic prime of degree one in F22 [T ];
(EC-III) q = 3, u = 1, and
m ∈ X3 = {(T − 1)T
2, T (T + 1)2, (T + 1)(T + 2)2},
where X3 is the set in Lemma 6.4.
(EC-IV) q = 3, and
u = m ∈ X4 = {T, T + 1, T + 2},
where X4 is the set in Lemma 6.5.
(EC-V) q = 5, u = 1, and
m ∈ X6 = {T (T + 1), (T + 1)(T + 2), (T + 2)(T + 3), (T + 3)(T + 4), (T + 4)T },
where X6 is the set in Lemma 6.7.
(EC-VI) u = 1, and m ∈ X7, i.e., m is a monic prime of degree one in Fq[T ], where X7 is the set in
Lemma 6.8. (Note that there is no restriction on q in this exceptional case.)
(EC-VII) q = 3, u = 1, and
m ∈ X8 = {T
2, (T + 1)2, (T + 2)2},
where X8 is the set in Lemma 6.9.
(EC-VIII) q = 4, u = 1, and
m ∈ X9 = {T (T + w), T (T + w
2), (T + 1)(T + w), (T + 1)(T + w2)},
where X9 is the set in Lemma 6.10.(Note that F4 = F2(w), where w is an element in the algebraic
closure of F2 such that w
2 + w + 1 = 0.)
(EC-IX) q = 3, u = 1, and
m ∈ X10 = {T
3 + 2T },
where X10 is the set in Lemma 6.11.
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Proof. If deg(m) = 0, then m = 1, and it thus follows from the assumption that u is of positive degree.
It is easy to see that any monic prime ℘ dividing u is a large Zsigmondy prime for (u,m) = (u, 1). For
the rest of the proof, without loss of generality, one can assume that m is of positive degree.
We first consider the cases when we are in one of the exceptional cases (EC-I)–(EC-IX). If we are
in the exceptional case (EC-I) or the exceptional case (EC-II), then Theorem 4.4 and Theorem 5.2 tell
us that there are no Zsigmondy primes for (u,m), and thus there are no large Zsigmondy primes for
(u,m).
On the other hand, Lemmas 6.4, 6.5, 6.7, 6.8, 6.9, 6.10, and 6.11 tell us that there are no large
Zsigmondy primes for (u,m) if we are in one of the exceptional cases (EC-III)–(EC-IX).
Suppose, for the rest of the proof, that we are not in any of the exceptional cases (EC-I)–(EC-IX).
We prove that there exists a large Zsigmondy prime for (u,m). Assume the contrary, that is,
(LZP0) there exist no large Zsigmondy primes for (u,m).
By Theorem 4.4 and Theorem 5.2, we know that there exists a Zsigmondy prime for (u,m), and it thus
follows from Corollary 6.3 that the following are true:
(LZP1) m+ 1 is the only Zsigmondy prime for (u,m); and
(LZP2) either Ψm(u) = ǫ(m+1) for some unit ǫ ∈ F×q or Ψm(u) = ǫq(m+1) for some unit ǫ ∈ F
×
q and
some monic prime q dividing m.
We consider the following two cases:
⋆ Case 1. Ψm(u) = ǫq(m+ 1) for some unit ǫ ∈ F×q and some monic prime q dividing m.
Since gcd(m,m+1) = 1 and q divides m, we deduce that gcd(q,m+1) = 1. Hence we, by appealing
to (LZP1), find that q is a non-Zsigmondy prime for (u,m). Since q divides Ψm(u), it follows from
Corollary 3.8(ii) that m is of the form
m = Pu,qq
s,(41)
where Pu,q is the Carlitz annihilator of (u, q) and s is a positive integer.
We consider the following two subcases, according as to whether deg(u) ≥ 1 or deg(u) = 0.
⋆ Subcase 1A. deg(u) ≥ 1.
Since deg(Pu,q) ≥ 0, we consider the following two subsubcases, according as to whether deg(Pu,q) = 0
or deg(Pu,q) ≥ 1.
• Subsubcase 1A(i). deg(Pu,q) = 0.
By Definition 3.2, we see that Pu,q = 1. From (41), we find that
m = qs.(42)
Since deg(u) ≥ 1, we deduce from (42), Lemma 2.7, and Lemma 4.1 that
deg(Ψm(u)) = Φ(m)deg(u) ≥ (q − 1)deg(m) = s(q − 1)deg(q).(43)
Note that equality in (43) occurs if and only if deg(u) = 1 and Φ(m) = (q − 1)deg(m).
On the other hand, we see from (42) that
deg(Ψm(u)) = deg(ǫq(m+ 1)) = deg(q) + deg(m+ 1) = deg(q) + deg(m) = (s+ 1)deg(q).(44)
Combining (43), (44), we find that (s+ 1)deg(q) = deg(Ψm(u)) ≥ s(q − 1)deg(q), and thus
(s(q − 1)− (s+ 1))deg(q) ≤ 0.(45)
By the remark following (43), note that equality in (45) occurs if and only if deg(u) = 1 and Φ(m) =
(q − 1)deg(m).
Furthermore since s ≥ 1 and q ≥ 3, we find that s(q − 1) − (s + 1) ≥ 2s− (s + 1) = s− 1 ≥ 0, and
since deg(q) ≥ 1, we deduce that
(s(q − 1)− (s+ 1))deg(q) ≥ 0.(46)
Note that equality in (46) occurs if and only if s = 1 and q = 3.
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Combining (45), (46), we deduce that (s(q − 1) − (s + 1))deg(q) = 0. Hence by appealing to the
remarks following (45), (46), we deduce that s = 1, q = 3, deg(u) = 1 and Φ(m) = (q − 1)deg(m). It
then follows from (42) that m = q, and
Φ(q) = Φ(m) = 2deg(m) = 2deg(q).(47)
If deg(q) ≥ 2, then we deduce from Corollary 6.13 that Φ(q) > qdeg(q) = 3deg(q), which is a
contradiction to (47). Hence we deduce that deg(q) = 1.
Recall that deg(u) = 1 and Pu,q = 1. By Proposition 3.3(ii), we find that q divides u, and since
deg(u) = deg(q) = 1 and q, u are monic polynomials, we deduce that q = u.
In summary, we have showed that q = 3, and m = u = q which is a monic prime of degree one in
F3[T ]. By appealing to (LZP0) and (LZP1), this implies that we are in the exceptional case (EC-IV),
which is a contradiction.
• Subsubcase 1A(ii). deg(Pu,q) ≥ 1.
Set
λ = deg(Pu,q) ≥ 1,(48)
and
γ = deg(q) ≥ 1.(49)
Recall from Proposition 3.3(i) that Pu,q divides q − 1, and since gcd(q, q − 1) = 1, we deduce that
gcd(Pu,q, q) = 1. Hence by appealing to Lemma 4.1, we deduce from (41) that
Φ(m) = Φ(Pu,qq
s) = Φ(Pu,q)Φ(q
s) ≥ (q − 1)2deg(Pu,q)deg(q
s) = s(q − 1)2deg(Pu,q)deg(q).(50)
Since deg(u) ≥ 1, we deduce from Lemma 2.7 and (50) that
deg(Ψm(u)) = deg(u)Φ(m) ≥ Φ(m) ≥ s(q − 1)
2deg(Pu,q)deg(q) = s(q − 1)
2λγ.(51)
Recall that Ψm(u) = ǫq(m+ 1), and it thus follows from (41) that
deg(Ψm(u)) = deg(q) + deg(m+ 1) = deg(q) + deg(m)
= (s+ 1)deg(q) + deg(Pu,q)
= (s+ 1)γ + λ.(52)
Combining (51) and (52), we find that
(s+ 1)γ + λ = deg(Ψm(u)) ≥ s(q − 1)
2λγ,
and thus
s(q − 1)2λγ − (s+ 1)γ − λ ≤ 0.(53)
Since λ ≥ 1, γ ≥ 1, and s ≥ 1, we deduce that
2sλγ − (s+ 1)γ ≥ 2sγ − (s+ 1)γ = (s− 1)γ ≥ 0.(54)
On the other hand, since λ ≥ 1, γ ≥ 1, and s ≥ 1, we see that
2sλγ − λ ≥ 2λ− λ = λ ≥ 1.(55)
Combining (54) and (55), and note that (q − 1)2 ≥ 4, we deduce that
s(q − 1)2λγ − (s+ 1)γ − λ ≥ 4sλγ − (s+ 1)γ − λ
= (2sλγ − (s+ 1)γ) + (2sλγ − λ)
≥ 0 + 1 = 1,
which is a contradiction to (53).
⋆ Subcase 1B. deg(u) = 0, i.e., u = 1.
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Note that in this subcase, Pu,q = P1,q since u = 1. Recall from Proposition 3.3(i) that P1,q divides
q−1, and since gcd(q, q−1) = 1, we deduce that gcd(P1,q, q) = 1. We should also note from Proposition
3.3(ii) that deg(P1,q) ≥ 1, and that
deg(P1,q) ≤ deg(q− 1) = deg(q).(56)
We see from Lemma 4.1 and (41) that
Φ(m) = Φ(P1,qq
s) = Φ(P1,q)Φ(q
s) ≥ (q − 1)2deg(P1,q)deg(q
s) = s(q − 1)2deg(P1,q)deg(q).(57)
By Lemma 2.8, we know that
deg(Ψm(u)) = deg(Ψm(1)) =
Φ(m) + δ
q
(58)
for some integer δ ∈ {−1, 0, 1}.
Since u = 1, we see that Ψm(1) = Ψm(u) = ǫq(m+ 1). Since δ ≥ −1, it thus follows from (57) and
(58) that
deg(q) + deg(m) = deg(q) + deg(m+ 1) = deg(Ψm(1)) ≥
s(q − 1)2deg(P1,q)deg(q)− 1
q
.(59)
By (56), we deduce that
deg(m) = deg(P1,qq
s) = deg(P1,q) + sdeg(q) ≤ (s+ 1)deg(q),
and it thus follows from (59) that
q(s+ 2)deg(q) ≥ q(deg(q) + deg(m)) ≥ s(q − 1)2deg(P1,q)deg(q)− 1.
Therefore
deg(q)(s(q − 1)2deg(P1,q)− q(s+ 2)) ≤ 1.(60)
We consider the following three subsubcases, according as to whether deg(P1,q) ≥ 3, deg(P1,q) = 2,
or deg(P1,q) = 1.
• Subsubcase 1B(i). deg(P1,q) ≥ 3
By (56), we see that deg(q) ≥ deg(P1,q) ≥ 3. Since q ≥ 3 and s ≥ 1, we deduce that
3sq − (7s+ 2) ≥ 9s− (7s+ 2) = 2s− 2 ≥ 0,
and thus
s(q − 1)2deg(P1,q)− q(s+ 2) ≥ 3s(q − 1)
2 − q(s+ 2) = q(3sq − (7s+ 2)) + 3s ≥ 3.
Therefore deg(q)(s(q − 1)2deg(P1,q)− q(s+ 2)) ≥ 9, which is a contradiction to (60).
• Subsubcase 1B(ii) deg(P1,q) = 2
We, by appealing to (56), find that
deg(q) ≥ deg(P1,q) = 2.
If q ≥ 4, we see that
2sq − (5s+ 2) ≥ 8s− (5s+ 2) = 3s− 2 ≥ 1,
and thus
s(q − 1)2deg(P1,q)− q(s+ 2) = 2s(q − 1)
2 − q(s+ 2) = q(2sq − (5s+ 2)) + 2s ≥ 4 + 2 = 6.
Hence
deg(q)(s(q − 1)2deg(P1,q)− q(s+ 2)) ≥ 12,
which is a contradiction to (60).
Suppose now that q = 3. By (60), and since deg(q) ≥ deg(P1,q) = 2, we see that
1
2
≥
1
deg(q)
≥ s(q − 1)2deg(P1,q)− q(s+ 2) = 8s− 3(s+ 2) = 5s− 6,
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and thus
s ≤
13
10
.
Since s is a positive integer, we deduce from the last inequality that s = 1.
By Proposition 2.5, we know that
deg(CP1,q(1)) = q
deg(P1,q)−1 = 32−1 = 3,
and since CP1,q(1) ≡ 0 (mod q) (recall that P1,q is the Carlitz annihilator of (1, q)), and deg(q) ≥ 2, we
deduce that either deg(q) = 2 or deg(q) = 3.
In summary, by appealing to (LZP1), we find that the following are true:
(i) q = 3, u = 1, and m = P1,qq, where q is a monic prime in F3[T ] of degree 2 or 3 such that the
Carlitz annihilator P1,q of (1, q) is of degree 2;
(ii) m+ 1 is a prime in F3[T ];
This, in particular, implies m ∈ X5, where X5 is the set in Lemma 6.6. Hence X5 6= ∅, which is absurd
since we know from Lemma 6.6 that X5 = ∅.
• Subsubcase 1B(iii). deg(P1,q) = 1
By Proposition 2.5, we know that
deg(CP1,q(1)) = q
deg(P1,q)−1 = q0 = 1,
and since CP1,q(1) ≡ 0 (mod q) and deg(q) ≥ 1, we deduce that deg(q) = 1. Since P1,q, q− 1 are monic
polynomials, P1,q divides q − 1 (see Proposition 3.3(i)), and deg(P1,q) = deg(q − 1) = deg(q) = 1, we
deduce that
P1,q = q− 1.
If q ≥ 5, we see that
sq − (3s+ 2) ≥ 5s− (3s+ 2) = 2s− 2 ≥ 0.(61)
Note that equality in (61) occurs if and only if q = 5 and s = 1.
By (61), we see that
deg(q)(s(q − 1)2deg(P1,q)− q(s+ 2)) = s(q − 1)
2 − q(s+ 2) = q(sq − (3s+ 2)) + s ≥ 1.(62)
Note that equality in (62) occurs if and only if s = 1 and equality in (61) occurs.
Combining (60) and (62), we find that
deg(q)(s(q − 1)2deg(P1,q)− q(s+ 2)) = 1,
which implies that equality in (62) occurs. By appealing to the remarks following (61) and (62), we find
that q = 5 and s = 1.
By appealing to (LZP0) and (LZP1), we find that the following are true:
(i) q = 5, u = 1, and m = P1,qq
s = (q− 1)q, where q is a monic prime of degree one in F5[T ];
(ii) m+ 1 is the only Zsigmondy prime for (1,m);
(iii) there are no large Zsigmondy primes for (1,m).
This, in particular, implies that m ∈ X6, where X6 is the set in Lemma 6.7. This is equivalent to saying
that we are in the exceptional case (EC-V), which is a contradiction.
For the rest of Subsubcase 1B(iii), it remains to consider the case when q = 3 or q = 4.
If q = 4, recall that deg(q) = deg(P1,q) = 1, and thus we see from (60) that
1 ≥ deg(q)(s(q − 1)2deg(P1,q)− q(s+ 2)) = 5s− 8.
Hence
s ≤
9
5
,
and since s is a positive integer, we deduce from the last inequality that s = 1. Thus
m = P1,qq
s = (q− 1)q,
26 NGUYEN NGOC DONG QUAN
where q is a monic prime of degree one in F22 [T ]. This implies that we are in the exceptional case
(EC-II), which is a contradiction.
If q = 3, we see from (60) that
1 ≥ deg(q)(s(q − 1)2deg(P1,q)− q(s+ 2)) = s− 6,
and thus
s ≤ 7.
Hence
s ∈ {1, 2, 3, 4, 5, 6, 7}.
Thus
m = P1,qq
s = (q − 1)qs,
where q is a monic prime of degree one in F3[T ] and s ∈ {1, 2, 3, 4, 5, 6, 7}.
If s = 1, we deduce that m = (q − 1)q. Since q = 3, u = 1, and q is a monic prime of degree one in
F3[T ], we see that we are in the exceptional case (EC-I), which is a contradiction.
If 2 ≤ s ≤ 7, we, by appealing to (LZP0) and (LZP1), find that m ∈ X3, where X3 is the set in
Lemma 6.4. This, in turn, is equivalent to saying that we are in the exceptional case (EC-III), which is
a contradiction.
⋆ Case 2. Ψm(u) = ǫ(m+ 1) for some unit ǫ ∈ F
×
q .
If deg(u) ≥ 1, we deduce from Lemma 2.7 and Lemma 4.1 that
deg(m) = deg(m+ 1) = deg(Ψm(u)) = Φ(m)deg(u) ≥ (q − 1)deg(m).
Thus
(q − 2)deg(m) ≤ 0,
which is a contradiction since deg(m) ≥ 1 and q > 2.
If deg(u) = 0, then u = 1, and hence
Ψm(1) = ǫ(m+ 1).(63)
Since m is of positive degree, there exists a monic prime ℘ of positive degree dividing m. Then one
can write
m = n℘s,(64)
where s is a positive integer, and n is a monic polynomial such that gcd(n, ℘) = 1.
We consider the following subcases, according as to whether deg(n) = 0 or deg(n) ≥ 1.
⋆ Subcase 2A. deg(n) = 0.
In this subcase, since n is monic, we see that n = 1, and thus
m = ℘s.(65)
We first consider the case when s = 1. If deg(℘) = 1, then m = ℘ is a monic prime of degree one in
Fq[T ]. This implies that m ∈ X7, where X7 is the set in Lemma 6.8. Recall that u = 1. Hence we are
in the exceptional case (EC-VI), which is a contradiction.
Suppose now that deg(℘) ≥ 2. Since m = ℘ is a monic prime, we deduce from Lemma 2.8 that
deg(Ψm(1)) = deg(Ψ℘(1)) =
Φ(℘) + (−1)2
q
=
Φ(℘) + 1
q
,
and it therefore follows from (63) that
deg(℘) = deg(m) = deg(ǫ(m+ 1)) = deg(Ψm(1)) =
Φ(℘) + 1
q
.(66)
By Corollary 6.13, we know that Φ(℘) > qdeg(℘), and thus
Φ(℘) + 1
q
>
Φ(℘)
q
> deg(℘),
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which is a contradiction to (66).
We now consider the case when s ≥ 2. By (63), we know from Lemma 2.8 that
deg(℘s) = deg(m) = deg(ǫ(m+ 1)) = deg(Ψm(1)) =
Φ(℘s)
q
,(67)
and it thus follows from Corollary 6.15 that
deg(℘s) =
Φ(℘s)
q
≥
qdeg(℘s)
q
= deg(℘s).(68)
Therefore equality in (68) occurs, and hence we deduce from Corollary 6.15 that q = 3, deg(℘) = 1, and
s = 2. Then q = 3, u = 1, and m = ℘2, where ℘ is a monic prime of degree one in F3[T ]. By (LZP0),
(LZP1), we deduce that m ∈ X8, where X8 is the set in Lemma 6.9. This implies that we are in the
exceptional case (EC-VII), which is a contradiction.
⋆ Subcase 2B. deg(n) ≥ 1.
We first prove that the following is true:
(LZP3) m is square-free, that is, q2 does not divide m for any monic prime q.
Assume that (LZP3) does not hold, i.e., there exists a monic prime q such that q2 divide m. Then
one can write m in the form
m = uqr,(69)
where r ≥ 2, and u is a monic polynomial such that gcd(u, q) = 1. Note that since m = n℘s (see (64)),
gcd(n, ℘) = 1, deg(n) ≥ 1, and deg(℘s) ≥ 1, we deduce that deg(u) > 0.
Applying Lemma 4.1 for u, and applying Corollary 6.15 for qr, we deduce that
Φ(m) = Φ(uqr) = Φ(u)Φ(qr) ≥ (q − 1)deg(u)qdeg(qr) = q(q − 1)deg(u)deg(qr).(70)
We deduce from (63), (69), (70), and Lemma 2.8 that
deg(u) + deg(qr) = deg(uqr) = deg(m) = deg(ǫ(m+ 1)) = deg(Ψm(1))
=
Φ(m)
q
≥ (q − 1)deg(u)deg(qr),
and thus
(q − 2)deg(u)deg(qr) + deg(u)deg(qr)− (deg(u) + deg(qr)) ≤ 0.(71)
Since r ≥ 2, we see that deg(qr) = rdeg(q) ≥ 2, and thus
(q − 2)deg(u)deg(qr) ≥ 2(q − 2) ≥ 2.(72)
On the other hand, since deg(u) ≥ 1 and deg(qr) ≥ 2, we know that
deg(u)deg(qr)− (deg(u) + deg(qr)) + 1 = (deg(u)− 1)(deg(qr)− 1) ≥ 0,
and thus
deg(u)deg(qr)− (deg(u) + deg(qr)) ≥ −1.(73)
From (72, (73), we deduce that
(q − 2)deg(u)deg(qr) + deg(u)deg(qr)− (deg(u) + deg(qr)) ≥ 1,
which is a contradiction to (71). Thus (LZP3) is true, i.e., m is square-free.
In order to get a contradiction in this subcase, we use another representation of m. By (64), and
since gcd(n, ℘) = 1, we deduce that m can be written in the form
m = m1m2,(74)
where m1,m2 are monic polynomials of positive degrees such that gcd(m1,m2) = 1. (For example, one
can take m1 = n and m2 = ℘
s.) Set
α = deg(m1) ≥ 1,(75)
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and
β = deg(m2) ≥ 1.(76)
Without loss of generality, one can further assume that
α = deg(m1) ≥ deg(m2) = β.(77)
Since deg(m1) ≥ 1 and deg(m2) ≥ 1, we deduce from (74) and Lemma 4.1 that
Φ(m) = Φ(m1m2) = Φ(m1)Φ(m2) ≥ (q − 1)
2deg(m1)deg(m2) = (q − 1)
2αβ.(78)
Since m is square-free, we deduce from (63) and Lemma 2.8 that there exists an integer δ ∈ {−1, 1}
such that
α+ β = deg(m1) + deg(m2) = deg(m) = deg(ǫ(m+ 1)) = deg(Ψm(1)) =
Φ(m) + δ
q
.(79)
Since δ ≥ −1, we deduce from (78) and (79) that
α+ β ≥
(q − 1)2αβ − 1
q
.(80)
Inequality (80) is equivalent to the inequality
q((αβ)q − (2αβ + α+ β)) + αβ = (αβ)q2 − (2αβ + α+ β)q + αβ ≤ 1.(81)
Note that equality in (80) occurs if and only if δ = −1 and equality in (78) occurs. Since inequality
(80) is equivalent to inequality (81), we should also note that the following is true:
(ELZP) Equality in (81) occurs if and only if δ = −1 and equality in (78) occurs.
Since α ≥ 1 and β ≥ 1, we deduce that
αβ − (α+ β) + 1 = (α− 1)(β − 1) ≥ 0,
and thus
αβ ≥ α+ β − 1.(82)
Note that equality in (82) occurs if and only if α = 1 or β = 1.
Since q ≥ 3, we deduce from (82) that
(αβ)q − (2αβ + α+ β) ≥ 3αβ − (2αβ + α+ β) = αβ − (α+ β) ≥ −1.(83)
Since (αβ)q − (2αβ + α+ β) is an integer, we deduce from the above inequality that either
(αβ)q − (2αβ + α+ β) ≥ 0(84)
or
(αβ)q − (2αβ + α+ β) = −1.(85)
Note that (85) holds if and only if equalities in (83) occur at the same time. This of course implies that
(85) holds if and only if q = 3, and α = 1 or β = 1.
We consider the following subsubcases:
• Subsubcase 2B(i). (84) holds, i.e., (αβ)q − (2αβ + α+ β) ≥ 0.
In this subsubcase, since α ≥ 1 and β ≥ 1, we see that
q((αβ)q − (2αβ + α+ β)) + αβ ≥ 1.(86)
Note that equality in (86) occurs if and only
(αβ)q − (2αβ + α+ β) = 0,(87)
and α = β = 1.
From (81) and (86), we deduce that equality in (86) occurs, and it thus follows from the above remark
that α = β = 1, and
(αβ)q − (2αβ + α+ β) = 0.(88)
Since α = β = 1, equation (88) implies that q = 4.
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In summary, we have showed in this subsubcase that q = 4, u = 1, and m = m1m2, where m1,m2
are monic polynomials in F4[T ] such that deg(m1) = deg(m2) = 1 and gcd(m1,m2) = 1. It then follows
from (LZP0) and (LZP1) that m ∈ X9, where X9 is the set in Lemma 6.10. This implies that we are in
the exceptional case (EC-VIII), which is a contradiction.
• Subsubcase 2B(ii). (85) holds, i.e., (αβ)q − (2αβ + α+ β) = −1.
The remark following (85) tells us that in this subsubcase, q = 3, and α = 1 or β = 1. If α = 1, we
see from (77) that β = 1. Thus, in any event, q = 3 and β = 1.
Since q = 3 and β = 1, we deduce from (81) and (85) that α ≤ 4, and therefore α ∈ {1, 2, 3, 4}.
We contend that α = 1 or α = 2. Indeed, if α = 4, then one sees that equality in (81) occurs, and it
thus follows from (ELZP) that equality in (78) occurs. This implies that
Φ(m) = Φ(m1)Φ(m2) = (q − 1)
2αβ = 16.(89)
Since deg(m2) = β = 1, we see that m2 is a monic prime of degree one in F3[T ]. Hence Φ(m2) =
3deg(m2) − 1 = 3− 1 = 2, and thus
Φ(m1) = 8.(90)
We should note that m1 is square-free since m is square-free. Since α = deg(m1) = 4, either all monic
prime factors of m1 are of degree one or there exists a monic prime, say P , of degree at least 2 such
that P divides m1. If the former holds, then m1 is of the form
m1 = P1P2P3P4,
where the Pi are distinct monic primes of degree one in F3[T ]. Then
Φ(m1) = Φ(P1)Φ(P2)Φ(P3)Φ(P4) = (3
deg(P1) − 1)(3deg(P2) − 1)(3deg(P3) − 1)(3deg(P4) − 1) = 16,
which is a contradiction to (90).
Suppose now that there exists a monic prime P of degree at least 2 such that P divides m1. Write
m1 = Pm∗,
where m∗ is a monic polynomial such that gcd(m∗, P ) = 1. Since deg(m1) = α = 4, we see that
2 ≤ deg(P ) ≤ 4.
If deg(P ) = 4, then m1 = P , and thus
Φ(m1) = Φ(P ) = 3
deg(P ) − 1 = 34 − 1 = 80,
which is a contradiction to (90).
If 2deg(P ) ≤ 3, then deg(m∗) ≥ 1. We see from Lemma 4.1 that
Φ(m∗) ≥ (q − 1)deg(m∗) ≥ 2.
On the other hand, since 2deg(P ) ≤ 3, we deduce that
Φ(P ) = 3deg(P ) − 1 ≥ 32 − 1 = 8.
Therefore
Φ(m) = Φ(P )Φ(m∗) ≥ 16,
which is a contradiction to (90). Thus, by what we have showed above, we deduce that α ∈ {1, 2, 3}.
Suppose now that α = 3. Recall that q = 3 and β = 1. We now deduce from (79) that
4 = α+ β =
Φ(m) + δ
q
=
Φ(m) + δ
3
.(91)
Since δ = ±1, we find from (91) that either Φ(m) = 11 or Φ(m) = 13. On the other hand, since
β = deg(m2) = 1, we deduce that m1 is a monic prime of degree one, and it thus follows from (74) that
Φ(m) = Φ(m1)Φ(m2) = Φ(m1)(3
deg(m2) − 1) = 2Φ(m1) ≡ 0 (mod 2),
which is a contradiction to the fact that either Φ(m) = 11 or Φ(m) = 13. This contradiction implies
that α = 1 or α = 2.
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In summary, we have showed in Subsubcase 2B(ii) that q = 3, u = 1, and m = m1m2, where m1,m2
are monic polynomials in F3[T ] such that gcd(m1,m2) = 1, α = deg(m1) ∈ {1, 2}, and β = deg(m2) = 1.
We therefore, by appealing to (LZP0), (LZP1), and (LZP3), find that m ∈ X10, where X10 is the set in
Lemma 6.11. This implies that we are in the exceptional case (EC-IX), which is a contradiction.
In any event, by all of what we have showed above, we deduce that there exists a large Zsigmondy
prime for (u,m), and therefore Theorem 6.16 follows immediately.
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